CRITICAL METRICS ON CONNECTED SUMS OF 
EINSTEIN FOUR-MANIFOLDS 



MATTHEW J. GURSKY AND JEFF A. VIACLOVSKY 

Abstract. We develop a gluing procedure designed to obtain canonical metrics 
^-H on connected sums of Einstein four-manifolds. The main application is an existence 

result, using two well-known Einstein manifolds as building blocks: the Fubini- 

Study metric on CP^ and the product metric on x S^. Using these metrics 
^ in various gluing configurations, critical metrics are found on connected sums for a 

specific Riemannian functional, which depends on the global geometry of the factors. 
^ Furthermore, using certain quotients of S'^ x as one of the gluing factors, critical 
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metrics on several non-simply-connected manifolds are also obtained. 
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1. Introduction 




A Riemannian manifold (M^, g) in dimension four is 


critical for the Einstein-Hilbert 



functional 



(1.1) n{g) = Vol{g)-^'^ [ RgdVg, 
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where Rg is the scalar curvature, if and only if it satisfies 



(1.2) 



Ric{g) = X- g, 



where A is a constant; such Riemannian manifolds are called Einstein manifolds. 
Non-collapsing limits of Einstein manifolds have been studied in great depth |And89| 
IBKN89t ITiaQOj . In particular, with certain geometric conditions, the limit space is 
an orbifold, with asymptotically locally Euclidean (ALE) spaces bubbling off at the 
singular points. A natural question is whether it is possible to reverse this process: can 
one start with the limit space, and glue on a bubble in order to obtain an Einstein 
metric? A recent article of Olivier Biquard makes great strides in the Poincare- 
Einstein setting |Biqll| . In this work it is shown that a Z/2Z-orbifold singularity p of 
a non-degenerate Poincare-Einstein orbifold (M, g) has a Poinare- Einstein resolution 
obtained by gluing on an Eguchi-Hanson metric if and only if the condition 



is satisfied, where R^(]5) : — > A^ is the purely self-dual part of the curvature 
operator at p. The self-adjointness of this gluing problem is overcome by the freedom 
of changing the boundary data of the Poincare-Einstein metric. 

However, there is not much known about gluing compact manifolds together in 
the Einstein case. In this work, we will replace the Einstein equations with a gen- 
eralization of the Einstein condition. Namely, we ask whether it is possible to glue 
together Einstein metrics and produce a critical point of a certain Riemannian func- 
tional generalizing the Einstein-Hilbert functional. It turns out that there is a family 
of such functionals; this gives an extra parameter which will allow us to overcome the 
self-adjointness of this problem. The particular functional will then depend on the 
global geometry of the gluing factors. 

To describe the functionals, let M be a closed manifold of dimension 4. We will 
consider functionals on the space of Riemannian metrics Ai which are quadratic 
in the curvature. Such functionals have also been widely studied in physics under 
the name "fourth-order," "critical," or "quadratic" gravity; see for example |LPlll 
IMall 1\ Ech07t [Ste78] . In previous work, the authors have studied rigidity and stability 
properties of Einstein metrics for quadratic curvature functionals |GV11] ; these results 
will play a crucial role in this paper. 

Using the standard decomposition of the curvature tensor Rm into the Weyl, Ricci 
and scalar curvature curvature components (denoted by W, Ric, and R, respectively), 
a basis for the space of quadratic curvature functionals is 



where we use the tensor norm. In dimension four, the Chern-Gauss-Bonnet formula 



(1.3) 



det(R+(p)) = 



(1.4) 




(1.5) 
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implies that p can be written as a hnear combination of the other two (plus a topo- 
logical term). Consequently, we will be interested in the functional 

(1.6) Bt[g] = j dV + t j dV 

(with t = oo formally corresponding to J R^dV). 
The Euler-Lagrange equations of Bt are given by 

(1.7) B' = B + tC = 
where B is the Bach tensor defined by 

(1.8) B,^ = -a{v^VW,u,i + \r'''W,uji 
and C is the tensor defined by 

(1.9) = 2ViV,R - 2{AR)gij - 2RR,, + ^R^g.j. 

It follows that any Einstein metric is critical for Bt jBes87j . We will refer to such a 
critical metric as a B*'-flat metric. Note that by taking a trace of (1.7), it follows that 



the scalar curvature of a i?*-flat metric on a compact manifold is necessarily constant. 
Therefore a i?*-fiat metric satisfies the equation 

(1.10) B = 2tR-E, 

where E denotes the traceless Ricci tensor. That is, the Bach tensor is a constant 
multiple of the traceless Ricci tensor. 

The convergence results described above for Einstein metrics were generalized to 
systems of the form 

(1.11) ARic = Rm*Ric 



(of which (1.10) is a special case) in |TV05at [TVOSbt fTVOS] . In particular, with cer- 



tain geometric conditions, non-collapsing sequences of metrics satisfying an equation 



of the form (1.11) have orbifold limits. Again, the natural question is whether it is 
possible to reverse this bubbling process. 

The analogous gluing problem for the anti-self-dual equations = in dimension 



four has been very successful |DF89[ IFloQli ITau92[ iKSOTl IAV12a] . However, gluing 



for the i?*-flat equations is much more difficult because, as in the Einstein case, this 
is a self-adjoint problem. The parameter t is the key to overcoming this difficulty. 



We point out that the linearization of the i?*-flat equation (1.7) is not elliptic due 
to diffeomorphism invariance. It will be necessary to "gauge" the equation in order 
to work with an elliptic operator. This is analogous to the Bianchi gauge for the 
Einstein equations. The details of this gauging process appear in Section J3j 

The main building blocks in this paper are the Fubini-Study metric (CP , gps)^ and 
{S^ X S"^, gs^xs^), the product of 2-dimensional spheres with unit Gauss curvature. 
Both are Einstein, so are i?*-flat for all t G M. A key result used in this paper is 
rigidity of these metrics for certain ranges of t, which was proved in our previous 
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work |GVllj . That is, these metrics admit no non-trivial infinitesimal i?*-flat defor- 
mations for certain ranges of t (other than scalings). These rigidity properties will be 
discussed in Section HI 

1.1. Green's function metric. Recall that the conformal Laplacian is the operator 

(1.12) Lu = -6Au + Ru, 

where our convention is to use the analyst's Laplacian (which has negative eigenval- 
ues). If {M,g) is compact and has positive scalar curvature, then for any p G M, 
there exists a unique positive solution to the equation 

(1.13) LG = on M\{p} 

(1.14) G = p-^(l + o(l)) 

as p — )■ 0, where p is geodesic distance to the basepoint p, which is called the Green's 
function. Denote N = M \ {p} with metric Qn = G'^Qm- The metric (^at is scalar-flat 
and asymptotically flat of order 2. Recall the mass of an AF space is deflned by 

(1.15) mass(5(7v) = lim u^^ / y^WiQij - djgii){di j dV), 

Js{R) ^ 

with cus = Vol{S^). 

A crucial point is the following: if {M,g) is Bach-flat, then from conformal invari- 
ance of the Bach tensor, {N,g]s[) is also Bach-flat. Also, since the Green's function 
is used as the conformal factor, Qn is scalar-flat. Consequently, Qn is -B*-flat for all 

t e M. 

The Green's function metric of the Fubini-Study metric gps is also known as the 
Burns metric, and is completely explicit, with mass given by 

(1.16) mass(^i7'5') = 2. 

However, the Green's function metric gs^xs^ of the product metric does not seem to 
have a known explicit description. We will denote 

(1.17) mi = mass(^s2xs2)- 

By the positive mass theorem of Schoen-Yau, mi > ^SY79l ISYSlj . We note that 
since S"^ x S"^ is spin, this also follows from Witten's proof of the positive mass 
theorem jWitSlj . 

1.2. The gluing procedure. Let {Z,gz) and {Y,gY) be Einstein manifolds, and 
assume that gy has positive scalar curvature. Choose basepoints zq E Z and i/q G Y. 
Convert {Y,gY) into an asymptotically flat (AF) metric {N,gN) using the Green's 
function for the conformal Laplacian based at yo- As pointed out above, gN is i?*-flat 
for any t. 

Let a > be small, and consider Z \ B{zo, a). Scale the compact metric to {Z, g = 
a~^gz)- Attach this metric to the metric {N\B{a~^), g^) using cutoff functions near 
the boundary, to obtain a smooth metric on the connect sum Z^Y. Since both gz 
and gN are i?*-flat, this metric is an "approximate" i?*-flat metric, with vanishing 
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5* tensor away from the "damage zone", where cutoff functions were used. This 



construction is described in detail in Section^ and is illustrated in Figure 1.1 



Compact Einstein 
metric 



Damage zone 




AF metric 



Figure 1.1. The approximate metric. 

This "naive" approximate metric is too rough for our purposes - the size of the i?* 
tensor is an order too large in the damage zone. A refinement of this approximate 
metric is found by solving linear equations on each piece to make the metrics match 
up to highest order. The 5* tensor of the refined metric is now an order of magnitude 
smaller. This step is inspired by the recent work of Biquard in the Einstein case 
which was mentioned above |Biqll| . These auxiliary linear equations are solved in 
Section [7], and the refined approximate metric is constructed in Section 10 



Lyapunov-Schmidt reduction is then used to reduce the problem from an infinite- 
dimensional problem to a finite-dimensional one. That is, the problem of finding a 
i?*-flat metric is reduced to finding a zero of the Kuranishi map, which is a mapping 



between finite-dimensional spaces. This reduction is carried out in Section 11 



For the general gluing problem, even if the pieces are rigid, there can be nonzero in- 
finitesimal kernel elements due to the presence of gluing parameters. In general, there 
are infinitesimal kernel elements corresponding geometrically to freedom of scaling the 
AF space, rotating the gluing factor, and moving the base points of the gluing. The 
leading term of the Kuranishi map corresponding to the scaling parameter, denoted 
by Ai(a), is given by: 

Theorem 1.1. As a ^ 0, then for any e > 0, 

(1.18) Ai(a) = (^^Wizo) ® W{yo) + 4ti?(;2o)mass(^;v))c^3«' + 0{a'-'), 
where = Vol{S^), and the product of the Weyl tensors is given by 

(1.19) Wizo) ® Wiyo) = J2 W^M^o)iW^,kliyo) + Wukjivo)), 

ijkl 
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where Wijki{-) denotes the components of the Weyl tensor in a normal coordinate 
system at the corresponding point. 

We note that the product ® depends upon the coordinate systems chosen, and 
therefore in general depends upon a rotation parameter, and obviously on the base 
points of the gluing. 

1.3. Simply-connected examples. In the case either of the factors are (CF'^, gps) 
or {S"^ X 5*^, 5(52x52), Theorem 1 1 . 1 1 implies an existence theorem. Since these manifolds 
are toric, we can use the torus action plus a certain discrete symmetry, called a diag- 
onal symmetry, to eliminate all gluing parameters except for the scaling parameter. 



Theorem 1.1 will then allow us to obtain critical metrics on the following manifolds 
"near" the indicated approximate metric: 

• (i) CP^#CP^; the Fubini-Study metric with a Burns metric attached at one 
fixed point. This case admits a [/(2)-action. 

• (ii) 52 X ^2^CP^ = CP2#2CP^ the product metric on S'^ x with a Burns 
metric attached at one fixed point. Alternatively, we can view this as the 
Fubini-Study metric on CP^, with a Green's function 5*^ x S"^ metric attached 
at one fixed point. For this topology, we will therefore construct two different 
critical metrics. 

• (iii) 2#S'^ X S"^; the product metric on S"^ x with a Green's function S'^ x S"^ 
metric attached at one fixed point. 

More precisely, we have 

Theorem 1.2. In each of the above cases, a B^'-flat metric exists for some t near the 
critical value of 

(1-20) to = ~^ . . W{zo) ® W{yo). 

Furthermore, this metric is invariant under the indicated action(s). 



The proof of the theorem appears in Section [12} and the special values of to in each 
case are indicated in Table II. 11 



Table 1.1. Simply-connected examples with one bubble 



Topology of connected sum 


Value (s) of to 


cp2#cp^ 


-1/3 


52 X S2#CP^ = CP^#2CP^ 


-1/3, -(9mi)-i 


2#^2 X ^2 


-2(9mi)-^ 



With CP^ as a compact factor, there are three fixed points of the torus action, and 
with S'^ X 5*2, there are four fixed points. Employing various discrete symmetries will 
also allow us to obtain critical metrics on connected sums with more than two factors. 



Theorem 1.2 extends to the following cases: 
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• (iv) 3^3'^ X 5*^; the product metric on S*^ x 5*^ with Green's function S*^ x S'^ 
metrics attached at two fixed points. In this case, we will impose an additional 
symmetry called bilateral symmetry. 

• (v) X ^2^2CP^ = CP2#3CP^; the product metric on x with Burns 
metrics attached at two fixed points, with bilateral symmetry. 

• (vi) CP^7^3CP ; the Fubini-Study metric with Burns metrics attached at all 
fixed points, with a symmetry called trilateral symmetry. 

• (vii) CP^#3(52 X S^) = 4CP2#3CP^; the Fubini-Study metric with Green's 
function 5*^ x S*^ metrics attached at all fixed points, with trilateral symmetry. 

• (viii) X 52#4CP^ = Cp2#5CP^; the product metric on x with Burns 
metrics attached at all fixed points, with a symmetry called quadrilateral 
symmetry. 

• (ix) 5i^S^ X S'^ viewed as the product metric on S"^ x S"^ with Greens function 
S"^ X S"^ metrics attached at all fixed points, with quadrilateral symmetry. 

The special values of to in each case are indicated in Table 1.2[ 



Table 1.2. Simply-connected examples with several bubbles 



Topology of connected sum Value of to Symmetry 



3#5^ X S'' 




-2(9mi)-^ 


bilateral 


X 52#2CP^ = 


CP2#3CP^ 


-1/3 


bilateral 


CP^#3CP^ 




-1/3 


trilateral 


CP2#3(52 X s^) 


= 4CP2#3CP^ 


-(9mi)-i 


trilateral 


X 52^4CP^ = 


CP2#5CP^ 


-1/3 


quadrilateral 


5#S2 X 




-2(9mi)-i 


quadrilateral 



Remark 1.3. Since S"^ x S"^ admits an orientation-reversing diffeomorphism, there is 
only one possibility for a connect sum with S"^ x S"^, which is why S'^ x S'^ does not 
appear in the list of examples. 

1.4. Non-simply-connected examples. The product metric on 5*^ x S*^ admits the 
Einstein quotient 5*^ x S'^/7j2, where Z2 acts by the antipodal map on both factors, 
and the quotient MP^ x MP^ Using one of these metrics as the compact factor or the 
Green's function metric of one of these as one of the AF spaces, we can obtain several 
non-simply-connected examples. We will denote 

(1.21) 7712 = mass(^52x 52/22)5 
and 

(1.22) 7773 = mass(^„2x„2)- 



Again, by the positive mass theorem, 7772 > and 7773 > 0. Theorem L2 holds for 
these examples as well, and the special values of to in each non-simply-connected case 
with one bubble are indicated in Table 1.3 We note those without an MP^ x MP^ 
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factor are orientable, and those with an MP^ x MP^ factor are non-orientable. Also 
note that the first, second, fifth and sixth examples have finite fundamental groups. 
The others have infinite fundamental group (in particular, by the Myers Theorem 
these manifolds do not admit positive Einstein metrics). 

Table 1.3. Non-simply-connected examples with one bubble 



Topology of connected sum Value (s) of to 



(S^ X 5VZ2)#CP' 

{s^ X syz2ms^ X SVZ2) 

(S^ X 5VZ2)#MP^ X MP2 


-1/3, -(9m2)-i 


-2(9mi)^i, -2(9m2)"^ 


-2(9m2)-i 


-2(9m3)-i , -2(9m2)-i 


Mp2 X MP2#CP^ 


-1/3, -(9m3)-i 


MP2 X MP2#^2 X ^2 


-2(9mi)-^ -2(9m3)-i 


MP^ X ]RP^#]RP^ X ]Rp2 


-2(9m3)-i 



As in the simply-connected case, we can take advantage of various symmetries to 
obtain non-simply-connected examples with more than one bubble. For the complete 
hst, see Appendix [B} 

1.5. The Bach-fiat case. We remark that Theorem 11.11 holds in the Bach-fiat case 
(t = 0), provided one restricts to traceless tensors throughout the argument (this is 
necessary due to conformal invariance of the Bach tensor). This expansion cannot be 
directly used to produce Bach-fiat metrics, since the freedom to move the parameter t 



is crucial in the proof of Theorem |1.2[ However, the main argument does imply the 
following non-existence result: 

Theorem 1.4. Assume that both {Z,gz) and (F, gfy) are Bach-flat, toric, and admit 
a diagonal symmetry. Let zq E Z and yo E Y be fixed points of the respective torus 
actions. If 

(1.23) W{yo) ® W{zo) ^ 0, 

then there is no equivariant Bach-flat metric in a C^'"' -neighborhood of the approxi- 
mate metric. 

This is applicable to all of the above examples, so we may conclude that there 



is no Bach-fiat metric near the metrics found in Theorem |1.2[ In particular, these 
metrics are not Einstein. We remark that this non-existence theorem is true without 
the equivariance assumption, but a complete proof of this adds considerable technical 
details, so is not included. 

Note that in the case of CP2#CP^ it is easy to see that W{yo) ® W{zo) = 0, since 
there is an orientation-reversal required when performing the connected sum. This is 
not surprising, since it is well-known that there is a 1-parameter family of self-dual 
metrics (which are Bach-fiat) near the approximate metric |Poo86t rLeB91t IVialO] . 
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1.6. Remarks. The proof of Theorem 1.2 shows the following dichotomy: either (i 



there is a critical metric at exactly the critical to, in which case there would necessarily 
be a 1-dimensional moduli space of solutions for this fixed to (as pointed out above, 
this indeed happens for CP^#CP^, in which case there is a 1-parameter family of self- 
dual metrics). The other possibility (ii) is that for each value of the gluing parameter a 
sufficiently small, there will be a critical metric for a corresponding value of to = to{a). 



The dependence of to on a will depend on the next term in the expansion of (1.18). 
For example, if this expansion were improved to 

(1.24) Xi = Xa^ + fia^ + 0{a^^-'), 

with /i 7^ 0, then we would have the dependence 

(1-25) to = / , , ( - V(yo) ® Wizo) - ^a') + 0(a«-). 

as a — )■ 0. 

It should be possible to extend the methods in this paper to compute /i. If it turns 
out that 7^ 0, then one may conclude that possibility (ii) definitely happens. The 
sign of fi would then determine if solutions are found for t > to or t < to. If = 0, 
this would indicate (but not prove) that possibility (i) is what actually occurs. The 
methods in this paper cannot practically be used to determine that possibility (i) 
actually happens, since there would be an infinite sequence of obstructions to check 
in this eventuality. 

We next make some remarks about some relations between Kahler geometry and 
the value to = —1/3 appearing in the above tables. Using the Hirzebruch signature 
theorem, we can write 

(1.26) B.,/s[g] = -487rV(M^) + 2 ^ (|W-+p - ^R^) dV. 

An immediate corollary of this formula is that if {M'^^g) is Kahler, then 

(1.27) B^„M = -487rV(M^). 

In addition, a constant scalar curvature Kahler metric is necessarily critical for the 
value to = —1/3 |Der83] . We note that important gluing results for constant scalar 
curvature Kahler metrics were proved in |AP06t IAP09 ' . 

For the manifolds CP^^fcCP , when k = 1,2,3, or 5, consider the cases when a 
Burns metric is used for the bubbles (the cases when to = —1/3). In these cases, it 
is known that there are extremal Kahler metrics near the naive approximate metric 
[APSllj ISzel2j . These extremal metrics do not have constant scalar curvature, so 
they are not the same as the critical metrics found in Theorem 1.2[ There might 



be some other relation between these metrics (such as conformality) , but we are not 
aware of any such relation. These manifolds are known to admit Einstein metrics 
|Bes87t[nLWn8|ILeB12j . 

However, on many of the other manifolds considered in this paper, there does not 
exist any Kahler metric (for example 2^5'^ x S*^), and the critical metrics found in 
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Theorem 1.2 are the first known "canonical" metrics, to the best of the authors' 
knowledge. 

1.7. Acknowledgements. This work was done in part at the Institute for Advanced 
Study in Princeton and at the Institut Henri Poincare in Paris. Both authors have 
been partially supported by the NSF; the first author under NSF grant DMS-1206661 
and the second author under NSF grant DMS-1105187. The second author was 
partially supported by the Simons Foundation as a Simons Fellow of Mathematics. 
Both authors thank the above institutions for their generous support. 

The authors would like to thank Olivier Biquard for crucial assistance in completing 
this work, and to Simon Brendle, Claude LeBrun, Rafe Mazzeo, Frank Pacard, and 
Karen Uhlenbeck for many helpful remarks. 

2. The building blocks 

In this section, we will derive metric expansions for the "building blocks" of our 
gluing procedure; the Fubini-Study metric and product metric on S"^ x S"^. We will 
also give metric expansions of the associated scalar-flat asymptotically fiat metrics, 
arising from the Green's function of the conformal Laplacian. 

The general gluing problem has many degrees of freedom. We will take advantage 
of various symmetries to reduce eventually to only one degree of freedom. So in this 
section, we will also describe the various group actions which will be used for an 
equivariant gluing. 

2.1. The Pubini-Study metric. Recall that CP^ is the set of complex projective 
lines through the origin in C'^. Equivalently, CP^ is the set of equivalence classes 
{C^ \ {0}}/C*, where the action of C* is defined by, for A G C*, 

[mo,ui,M2] ^ [Auo, Aui, AM2]. 

Let Ui = {[uq, ui, U2]\ui 7^ 0}, for i = 0,1, 2. The Fubini-Study metric is given in Uq 
by |KN96j 



(2.1) 



gps = ^dd{l + \ui\' + \U2\^] 



(1 + 


u 


'^){duidui + du2du2) — ( 


UidUi + U2dU2){UidUi + U2dU2) 


(1 + 


u 


2^ 



This extends to an Einstein metric on CP^ with Ric{g) = 6g, and PU{3), the projec- 
tive unitary group (the unitary group U{3) modulo its center), acts by isometrics. 

We will consider two sub-actions of this group action. The first is an action of U (2) 
fixing the point [1, 0, 0]. Globally, this action is given by, for A G U{2), 

(2.2) [uo,Ui,U2] ^ [uo,A{ui,U2)]. 

The point [1, 0, 0] is the only fixed point of this action. In Uq, this action is given by 
the standard action of U{2) acting on C^. 
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The second action is the torus action of the form 

(2.3) [uq,ui,U2] ^ [uo,e^'^^ui,e^^^U2] 

where 9i, 62 G [0, 2ti]. This action has 3 fixed points [1, 0, 0], [0, 1, 0], and [0, 0, 1]. In 
?7o, this action is given by 

(2.4) {ui,U2) ^ (e^^^Mi,e^^^M2). 

Next, let {(Ti, (72, cTs} be a left-invariant coframing on such that CT3 is a connection 
form for the Hopf fibration tt : 5^ — > 5^ = CP^ defined by 

(2.5) 7r(ui,M2) = [ui : M2], 

and such that 7r*(752 = 4(0"^ + o"|). The Fubini-Study metric can then be written as 
|EGH80t page 257] 



(2-6) 9FS = Jl^f^2d^" + YT72 [^l + ^2 + Y^2^l 

From this expression, the above action of U (2) is seen here here as an action of 
S0(3) X S0(2) where the first factor acts by rotations of S"^, and the second factor 
acts by rotations of the fiber of the Hopf fibration. The above torus action is the 
restricted action where the first factor acts by a rotation of S'^ fixing the north and 
south pole. 

From (2.6), we see that p = arctan(r) is the geodesic distance from the basepoint, 
and under this radial change of coordinates the metric is written as |LNN97j 

(2.7) gps = dp" + sin2(p) [al + al + cos2(p)a|) , 

with the restriction that < p < 7r/2. Since the coordinate change is radial, we 
note the important fact that in these coordinates, the above action of U{2) is still the 
standard linear action. 

Finally, we let {z*} be Euclidean normal coordinates, based at [1, 0, 0], so that U{2) 
acts linearly, and that the above torus action acts by 

(2.8) (zi,Z2,Z3,Z4) ^ (e^'n^i + v^-22),e^^H23 + V^^4)). 
In this coordinate system, we have the expansion 

(2.9) g,, = 6,, - ^i?,fc,7([l,0,0]);2V + 0^^\\z\%, 
as \z\ — 0. 

Remark 2.1. We adopt the convention that for a function (or tensor) / = /(-z), 
f = 0^"^\\z\°') means Id'^f] = 0(1^1""'^) for all 1 < < m (as z approaches an 
indicated limit). 

This metric is invariant under the diagonal symmetry: 

(2.10) {Zi, Z2, Z3, Z4) h-^ (Z3, Zi, Zi, Z2), 

which is contained in U{2). In the case of toric invariance, we will impose this as 
an extra symmetry for the equivariant gluing problem. In both cases, there will 



12 MATTHEW J. GURSKY AND JEFF A. VIACLOVSKY 

therefore be only one fixed point, the point [1, 0, 0]. These symmetries are illustrated 



in Figure 2.1 




[0,1,0] ■■■■■ 



Figure 2.1. Orbit space of the torus action on CP . The vertices of 
the triangle are fixed points, open edge points are circle orbits, and in- 
terior points are principal orbits. The diagonal symmetry is a reflection 
in the dotted diagonal line passing through [1,0,0]. Invariance under 
reflection in all dotted diagonal lines will be called trilateral symmetry 
(note these reflections correspond to coordinate flips Ui ^ Uj on 
which are isometries of Qfs)- 



2.2. The Burns metric. We begin with a general result regarding the Green's func- 
tion expansion for a toric Einstein manifold: 

Proposition 2.2. Let G be the Green's function for the conformal Laplacian at the 
point p G M, where (M, g) is an Einstein metric with positive scalar curvature. If 
(M, g) admits a non-trivial torus action fixing the point p, then in a Riemannian 
normal coordinate system {2;*}, we have the following expansion: For any e > 0, 

(2.11) G = \z\-^ + A + 0'^^\\z\^-') 
as \z\ — )■ 0, where A is a constant (independent of e). 

Proof. A straightforward computation, which we omit, shows that there is a formal 
power series solution of the form with leading terms 

(2.12) G=\z\-^ + A + ..., 

and y4 is a constant. Recall that the indicial roots of the Laplacian are Z \ { — 1}. 
Solutions corresponding to the indicial root 1 are linear, and not invariant under the 
torus action, so there is no linear term in the expansion. It follows from standard 



techniques that the formal expansion (2.12) implies the actual expansion (2.11 ). The 
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proof is identical to |LP87t Lemma 6.4] (using Riemannian normal coordinates instead 
of conformal normal coordinates), so the details are omitted. □ 

In the case of the Fubini-Study metric, we have the following improved expansion: 

Proposition 2.3. Let G be the Green's function for the conformal Laplacian of the 
Fubini-Study metric based at [1,0,0], normalized so that Ric{g) = 6g. Then in the 
above normal coordinate system {2;*} we have the expansion 

(2.13) G = \z\-^ + l + 0^^\\z\^) 



3 



as \z\ — 7- 0. 



Proof. Since the metric is invariant under U{2), from uniqueness of the Green's func- 
tion, G must be radial. Using that R = 24, the equation is 

(2.14) AG = AG. 



We let p = \z\ denote the radial distance function. For a radial function, (2.14) 
reduces to the ODE 

(2.15) Gpp + (3 cot(p) - tan(p))Gp = AG 

on the interval [0,7r/2]. This ODE has the general solution 

(0TR\ n Ci log(cos(p)) 

(2-16) G= . 2 +C2 — . 2/ X 

sm (pj sm (p) 

for constants G\ and G^- The boundary condition G = p~^(l + o(l)) as p — )■ implies 
that Ci = 1. For the other boundary condition, in order to give a smooth global 
solution, we require that Gp{7i/2) = 0, which implies that G2 = 0. The claimed 
expansion follows easily from 

(2.17) (sinp)-^ = p-^ + ^ + ^p^ + 0(^)(p^) 

as p — )■ 0. □ 

Since gps is Bach-flat (it is self-dual with respect to the complex orientation), the 
metric Qn = G'^gps is also Bach-flat, and scalar-flat. Consequently, (7 at is i?*-flat for 
any t G M. Let {x* = zY|zp} denote inverted normal coordinates near [1,0,0], and 
let 

(2.18) I{x) = T^=z 

\xr 
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denote the inversion map. With respect to these coordinates, we can write the metric 
^fAT in the complement of a large ball as 

gN=X*{G^gFs) 

= {G o Xfr ({5,, - 0, 0])^^=^' + 0^'^\\z\%,}dz'dz^ 

^^■^^^ ={\x? + A + 0(^)(|x|-^))^{5,, - \r.uA[^, 0, 0])^ + 0^'\\x\-%,] 
so we have the expansion 



1 fe J 1 

(2.20) = 5,, - i?,,^,([l,0,0])^ + + O^^^lxr^) 

as |x| — )■ oo. Clearly, ^fAr is asymptotically flat (AF) of order 7 = 2. 

Note that this metric is also invariant under the standard linear action of f/(2), 
now acting in the {x}-coordinates. 

Remark 2.4. As the title of the subsection indicates, this metric is also known as 
the Burns metric; it is a Kahler scalar-flat metric on the blow-up of at the origin. 
By the coordinate change r = sin~^(p), and multiplying by r^, one obtains 

rfr^ r 

(2.21) = + al + al + (1 - r-^)^ 



r 



which is the expression of the Burns metric obtained in |LeB88j . We could instead 
use this coordinate system for the Burns metric in this paper. However, since there is 
not an analogue of this for the next example, we will remain with the above inverted 
Riemannian normal coordinates, in order to give a unified approach. 

We note here the following, which relates the constant A to the mass of the Green's 
function metric, and will be used later. 



Proposition 2.5. Let {M,g) be as in Proposition 2.2. Then the mass of the AF 
metric g^ = G^g on N = M \ {p} is given by 

(2.22) mass(^iv) = 12A - 



Proof. This follows from (1.15) using inverted normal coordinates; the routine calcu- 
lation is omitted. □ 

For the Fubini-Study metric, since R{p) = 24, and A = 1/3, this implies that 
(2.23) mass(^7v) = 2. 
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2.3. The product metric on 5^ x S"^. Next, we consider S*^ x S"^ with metric 
g = gs2 X gg2 the product of metrics of constant Gaussian curvature 1. The torus 
action we will consider is just the product of counter-clockwise S^-rotations fixing the 
north and south poles. This action has 4 fixed points (n, n), (n, s), (s,n), and (s,s), 
where n and s are the north and south poles, respectively. 

Taking normal coordinates on each factor around (n, n) E S"^ x S'^ , yields a normal 
coordinate system (^i, ^i, r2, ^2) so that 

(2.24) 5-52x52 = drf + sin^(ri)rf6'^ + drj + sm'^{r2)del, 



and the radial distance function is given by p = A/rf + ^"2- Finally, we let {z*} be 
Euclidean normal coordinates based at (n, n), so that the above torus action acts by 

(2.25) (zi, 22,^3,^4) ^ {e^'''{zi + V^Z2),e^^''{z3 + V^Z4)). 
In this coordinate system, we have the expansion 

(2.26) gij = Sij - ^Rikjiiin, n))z'z' + 0{\z\^)ij, 
as \z\ — !■ 0. 

In addition to toric invariance, this metric is also invariant under the diagonal 
symmetry: 

(2.27) (2:1, Z2, Z3, 24) ^ (z3, 24, zi, Z2). 

We will also impose this as an extra symmetry for the equivariant gluing problem. 
These symmetries, as well as some other symmetries we will use later, are illustrated 



in Figure 2.2 



As mentioned in the introduction, the product metric on S"^ x S"^ admits the Einstein 
quotient S"^ x S'^/7j2, where Z2 acts by the antipodal map on both factors, and the 
quotient MP^ x MP^. These quotients are also toric and the same expansion (2.26) 
holds for these. The diagonal symmetry also descends to a symmetry of these metrics. 

2.4. Green's function of product metric. Let G be the Green's function for the 
conformal Laplacian of the product metric at the point {n,n), normalized so that 
R = 4. By Proposition 2.2, in the above normal coordinate system {z^}, for any 
e > 0, we have the expansion 

(2.28) G = \z\-^ + A + 0'^^\\z\^-') 

as \z\ — 7- 0, where A is a constant (independent of e). 

Since gs^xs^ is Bach-fiat (it is Einstein), the metric gN = G'^gs^xs^ is also Bach- 
flat, and scalar-flat. Consequently, g^ is i?*-fiat for any t G M. Letting {x* = z^/\z\'^} 
denote inverted normal coordinates, analogous to (2.20), the metric g^ admits the 
expansion 

1 k I ^ 

(2.29) (gNhix) = 5,, - -i?,,,,((n,n))^ + 2A—6,j + 0^'\\x\-^+') 
as |x| — !■ 00, for any e > 0. Clearly, g^ is AF of order 7 = 2. 
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(s,n) 






(s,s) 


(n,n) 






(n,s) 







Figure 2.2. Orbit space of the torus action on S"^ x S"^. The vertices 
of the square are fixed points, open edge points are circle orbits, and 
interior points are principal orbits. The diagonal symmetry is a reflec- 
tion in the dotted diagonal line passing through (n, n). The bilateral 
symmetry is reflection in the dotted anti-diagonal line. Reflection in 
the dotted vertical line is the antipodal map of the first factor, while re- 
flection in the dotted horizontal line is the antipodal map of the second 
factor. Invariance under all of these reflections will be called quadrilat- 
eral symmetry. 

This metric is invariant under the above diagonal torus action, now acting in the 
{a;}-coordinates, and is also invariant under the diagonal symmetry 

(2.30) (Xi, X2, X3, X4) (X3, X4, Xi, X2). 

Remark 2.6. Unlike the case of the Burns metric, there is no explicit description 
of this metric known (to the best of the authors' knowledge). Since the metric is 
invariant under the above torus action, from uniqueness of the Green's function, 
G = G{ri,r2). Using that R = 4, the equation is 

(2.31) AG='^G. 

Since G = G(ri,r2), a computation shows that this reduces to the PDE 

2 

(2.32) Grrn + cot(ri)G,., + G,.^^^ + cot{r2)Gr^ = -G, 

on the square [0, vr] x [0, vr]. Unlike the case of the Fubini-Study metric, this does not 
appear to admit any explicit solution. 
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3. The nonlinear map 

Let {M,g) be a compact manifold of dimension 4, and Let S'^{T*M) denote the 
bundle of symmetric 2-tensors on M. We recall some important linear operators. For 
simplicity of notation, we will treat the domain and range of an operator as if it were 
the bundle itself, although the operator really acts on sections of the bundle. Let 
6g : S'^{T*M) T*M denote the divergence operator 

(3.1) {6gh)^ = V*/i,„ 
and 5* : T*M S^{T*M) its L^-adjoint. Note that 

(3.2) ^* = -^^' 
where C is the Killing operator: 

(3.3) {Cgu)ij = ViUj + VjUi. 

We let K,g denote the conformal Killing operator, the trace-free part of Cg-. 

(3.4) {1^g^)ij = ^i^j + VjWi - ]^{5gUj)gij. 

Next, for a fixed background metric (?, define the nonlinear map Pg 

(3.5) Pi ■ C'^'''{S\T*M)) C°'''{S\T*M)) 
by 

(3.6) P'giO) = B\g + 6) + JCg+eSgJCgSgO, 
where 



(3.7) e = e- hrg{e)g. 



Remark 3.1. The domain of P* is not actually the entire space; it is the subset of 
C"^'" so that g + 6 is a Riemannian metric. The fact that the image lies in C°'" is a 
consequence of P^ being analytic as a function of 6 and its derivatives up to order 
four. 

We let Sg = (Pj)'(O) denote the linearized operator at 6* = 0. 

Remark 3.2. When the base metric is clear from the context, we will often omit the 
subscript in the operator P* and its linearization S**. To further simplify notation, 
we will also often omit the superscript t from both of these operators, since it is clear 
that they depend on t. 

Proposition 3.3. Ift^O, then S** is elliptic. 

Proof. This is proved in |GVllt Theorem 2.7 (i)], although we provide a brief sketch 
since some of the formulas will be needed in subsequent sections. We also note a 
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difference in notation with our previous paper jGVllj . In that paper we considered 
the functional 



(3.8) 



J^r= [ \Ric\'^dV + T [ R^dV. 
Jm Jm 



From (1.5), we obtain the relation 
(3.9) 



1 



Taking gradients, we obtain the relation 

(3.10) Vi3t = 2VJ^t_i. 

2 3 

It follows from the formula for P that the linearized operator is given by 

(3.11) S% = {B' + tC')h + }CgSg)CgSgh, 



where B' and C are the linearizations of B and C respectively. Using (3.10), from 
[GVlll Equation (2.54)] the leading terms of B' + tC are 

(3.12) 

{B' + tC')hij = A^hij -A[Vi6jh + Vj6ih] - {2t - ^)ViVj(Atr h) 

+ (2t + '^)ViV,{5^h) + {2t - ^) [A\tr h) - A{5^h)\g,, + ■■■ . 

Also, a simple calculation gives 

o 3 
{}Cg6g}Cg6gh)ij = A[Vi6jh + Vj5,/i] - -ViVj(Atr h) + ViVj{6^h) 

+ f^^\tr h)g,j - ^A{6^h)gij + ■■■ . 



Consequently, 
(3.13) 



Sh = A'h-2{t+ ^)V\Atr h)-2{t + ^)A{S'h)g 
+ 2{t + l)V\6'h) + 2{t- ^)A\tr h)g + ■ ■ ■ . 



It follows from (|3.13|) that the symbol of S is 
(3.14) 



{a^S)h,, = lel^/i -2{t+ l)^4.|e|2(tr h)-2{t+^) 



+ 2{t + ^)^^^JhM^k^i + 2{t-^) \C\\tr h)g,j, 
which is elliptic for t ^ 0, according to |GVlll Theorem 2.7 (i)]. 



□ 



Remark 3.4. For purposes below, it will be useful to rewrite (3.13) as 
(3.15) Sh = A^[h - ]{tr h)g] + IC[d{V2{h))] + ^tlA^tr h) - A{5^h) 



9 + 



CRITICAL METRICS 



19 



where 1^2 '■ S'^T*M — )■ C°° is a second-order operator given by 

(3.16) V,ih) = {t+ ^)5^h -{t+ ^) A(tr h). 

The following proposition shows that the zeroes of P are in fact i?*-flat metrics: 

Proposition 3.5. Assume t ^ 0. If P{6) = and 9 G C^'"" for some < « < 1, 
then B\g + 9) = and 9 e . 

Proof. The equation is 

(3.17) B\g + 9) 



<)5glCg5g9 



0. 



We claim that both terms on the left hand side of (3.17) vanish. The proof involves an 
integration by parts argument, but this presents a difficulty since 9 G C^'" only implies 
that Pg{9) is C", and not necessarily differentiable. To get around this problem we 
mollify 9] i.e., let {9^} be a family of smooth tensor fields such that 9^ ^ 9 in C^'" as 



e — )■ 0, and let 
(3.18) 



g + 9^. From (3.17) and the continuity of P it follows that 

B\g + 9,) + }Cg+eAD^,W^ 



where 77^ — )■ in C". Pair both sides of (3.18) with £g- [□/Cg/3g6'e] (with respect to the 
L^-inner product defined by g^ 



9, Ln^/g^.],r/,)i2 



, where C is the Killing operator defined in (3.3): 

[CgAn^^^g9,],B\~g,) + %p^^/3,^,]>^, 
= {CgAD>cMB\~g,))^, + \\)CgAD>c,m\\h- 
Integrating by parts in the first term on the right-hand side, we get 

{CgAn^^f3g9,],B\~g,))^, = -2{n^Jg9,,5g^{B\g,)))^, = 0, 

since C* = —26 and the gradient of a Riemannian functional is always divergence-free 
(see jBes87] . Proposition 4.11). Therefore, 



Letting e — )■ 0, the left-hand side converges to zero, while the right-hand side converges 
to JCg[DiCgf3g9], which consequently vanishes. We conclude that 

(3.19) B\~g) = 

as claimed. 

Next, taking a trace of (3.19), yields 

(3.20) 



GtARa = 0, 



which implies that the scalar curvature of g is constant. The equation (3.19) then 
implies that AgRiCg G C^'" (more precisely, around any point p G M, there exists 
a coordinate system {x*} such that the components are in C^'"), which implies that 
RiCg G C^'". Since g G C^'", there exists a harmonic coordinate system {?/*} around 
p such that the equation 

(3.21) b''dl~gM + Qkiidgrg) = -R^Cki{g) 
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holds, where Q{dg, g) is an expression that is quadratic in dg, polynomial in g and has 
y^l^ in its denominator |Pet06] . From this we conclude that cjij G C^'". A bootstrap 
argument shows that cjij G C^'" for any £ > 0. 

□ 



Later, we will view the nonlinear map in (3.6) as a mapping from 

(3.22) P, : Cf- ^ 

where the spaces are certain weighted Holder spaces with weight function w; > 0. Of 
course, since w > and M is compact, these norms are equivalent to the usual Holder 
norms. However, in the gluing construction, the weight function will become large, 
and these norms will then not be uniformly equivalent to the usual norms. 

Next, we define the weighted norms we will use. For 5 G M, and a positive weight 
function u; > 0, 

(3.23) ll^llc" = ll^~''^l|co = sup \w~^ {x)h{x)\. 
For < a < 1, define the semi- norm 

(3.24) |/i|^o,. = sup fw-'^+"(x) sup l^(-^)-^(^)l y 

x&M ^ 0<4dix,y)<w(x) d{x,y)°' / 

Finally, define the norm 

k 

(3.25) 11/^11^.. ^ J2 W^'hWco., + iV'/^lcr- 

1=0 

Remark 3.6. For the remainder of the paper, we fix a G M satisyfing < a < 1. 

3.1. Estimate on the nonlinear terms. The following proposition regarding the 
nonlinear structure of the operator Pg is crucial and will be used througout the paper. 

Proposition 3.7. Write 

(3.26) Pg{h)=Pg{0)+Sgh + Qg{h), 

where Sg is the linearization of P. Then we have the following: 

(i) If h & C^'" with \\h\\co < sq small, then there exists a constant Ci = Ci{sq) so 
that Qg satisfies 

IQaM < CijdV^i^mgl + \Rmg\^)\h\^ + \VRmg\\h\\V^h\ + \VRmg\\h\\Vh\ 

(3.27) + \Rmg\\h\\V^h\ + \Rmg\\h\\Vh\'^ + \h\\V^h\ 

+ \vh\\v^h\ + iv'/ip + \vh\^\v^h\ + \vh\^y 

(a) Let w denote a weight function, and assume 

W7 > 1, 

S ~< 0. 
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In addition, assume there is a constant Cq > such that 

w'^lRrUgl < Cq, 

(3.29) w^\VgRmg\ < Co, 

w^\VlRmg\ < Co. 

Then, for hi G Cf" with \\hi\\(-,4,a < sq small, there exists a constant C2 = C2{so) so 

6 

that Qg satisfies the following estimate: 

(3.30) WQgih,) - Qg{h2)\U^ < C2i\\h,\U. + \\h2\U.) ■\\h^- h2\U^. 

o— 4 00 o 

Proof. Since the proof involves a rather lengthy calculation we begin with a brief 
overview. The tensor B + tC can be schematically expressed as 

(3.31) Bg + tCg = g* g'^ * g'^ * V^Rmg + g * g'^ * g'^ * Rrrig * Rrrig, 

where Rmg denotes the curvature tensor oi g, g^^ * ■ ■ ■ * g^^ * A * B denotes any 
linear combination of terms involving contractions of the tensor product A® B, and 
g^^ * ■ ■ ■ * g^^ * * A denotes linear combinations of contractions of the fc-th iterated 
covariant derivative of A. Since the mapping P is defined by 

(3.32) Pg{h) = Bg+h + tCg+n + Kg+nngPgh, 

the first step in proving the estimates is to analyze the curvature term 

(3 33) ^'^"^ ^ ^^'^'^ = {9 + h)*{g + h)-' * (g + h)-' * Vj+;,i?m,+/, 

+ {g + h)*{g + hy^ *{g + hy^ * Rrrigj^h * Rmg+h. 
The starting point is the formula 

(3.34) V{g + h% = V{g% + \{g + {V,h,m + V,h,m - V^/i.,} , 

where r(-) denotes the Christoffel symbols of a metric. In the following, any covariant 
derivative without a subscript will mean with respect to the fixed metric g. Using this 
formula and the notation introduced above, we can express the covariant derivative 
with respect to the metric g + h a,s 

(3.35) Wg+hT = WgT +{g + hy' * Vgh * T, 

where T is any tensor field. Also, by the standard formula for the (1, 3)-curvature 
tensor in terms of the Christoffel symbols we have 

(3.36) Rmg+h = Rrrig + {g + hy^ * S/^h + {g + hy^ *Vh* Vh. 



Taking the covariant derivative V g+h of Rnig+h and repeatedly using (3.35), we 
obtain 

Vg+hRnig+h = VRnig + {g + hy^ * Rrrig *Vh + {g + hy^ * V^h 
^^■^'^^ +{g + hy^ * (V^/i * Vh) + {g + hy^ * (V/i *Vh* Vh). 
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Differentiating again, repeating the above procedure and collecting terms we have 
(3.38) 

Vl^^RrUg+h = V^Rmg + {g + h)'^ * VRnig *Vh + {g + h)'^ * Rnig * V'^h 
+ {g + h)"^ * Rrrig *Vh*Vh + {g + h)'^ * Vj/i 
+ {g + h)-^ * V^h *Vh + {g + h)-^ * V^h * V^h 
+ ig + hy^ * V^/i * V/i * V/i + + hy^ *Vh*Vh*Vh* Wh. 

{g + h)*{g + hy^ * Vl+i^Rnig+h = 
(g + h)* ^^{g + hy^ * V'^Rnig + {g + hy^ * VRnig * Vh 
+ {g + hy^ * Rrug * V^h + {g + hy^ * Rrrig *Vh*Vh 



Therefore, 



(3.39) 



(3.40) 



+ {g + hy^ * V^h +{g + hy^ * V^h * Vh 
+ {g + hy^ * V^/i * V^/i + ig + hy^ * V^h *Vh* Vh+ 

+ {g + hy^ *Vh*Vh*Vh* V/ij. 
Using (3.36), we have a similar expression for the second term in (3.33): 
{g + h)*{g + hy^ * RiTLg+h * Rrrig+h 

= (g + h)* ^^{g + hy^ * Rnig * Rnig + {g + hy^ * Rnig * V^/i 
+ {g + hy^ * Rnig *Vh*Vh+ {g + hy^ * V^h * V^/i 
+ {g + hy^ * V^/i *Vh*Vh + {g + h)'^ *Vh*Vh*Vh* V/i|. 
Combining (3.39) and ( |3.40[ ) gives 

{g + h) * [{g + hy"^ * Vl^hRrrig+h + (g + * Rmg+h * Rrrig+h} 
= (g + h)* {{g + hy"^ * V'^RrUg + {g + hy"^ * Rnig * Rnig 
+ {g + hy'^ * VRmg *Vh + {g + hy'-^ * Rnig * V^/i 
^^•^^^ +{g + hy^ * Rnig *Vh*Vh+{g + hy^ * V^h 

+ {g + hy^ * V'^h *Vh+{g + hy^ * V^h * V^/i 

+ {g + hy^ * V^/i *Vh*Vh + {g + hy^ *Vh*Vh*Vh* V/i|. 
Returning to the formula (3.32), the gauge-fixing term can be written 

Kg+hUgPgh = ((? + /l)"^ * ((? + /l) * Vg + /. ( /3g /l) 

= {9 + hy' *{9 + h)* (V, + ig + hy' * Vh) * (□,/?,/.) 

= {g + hyU{g + h)*g-^*g*V^h 

+ {g + hy^ * {g + h) * g'^ * g *Vh* V^/i. 
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Combining (3.41) and (3.42) we finally have 
(3.43) 

Pg(h) = (g+h) * ^ig + * V^Rnig + {g + h)~'^ * Rrug * Rrug 

+ {g + hy'-^ * VRnig *Vh + {g + /i)~^ * Rnig * V'^h 
+ {g + h)-^ * Rnig *Vh*Vh+ {g + h)'^ * V^h 
+ {g + h)-^ *g-'^*g* V^h + {g + h)-* * V^/i * V/i 
+ {g + h)~^ *g-'^ *g* V^/i *Vh+{g + h)'^ * V^/i * V^/i 

+ {g + hy^ * V^/i *Vh*Vh + {g + h)~^ *Vh*Vh*Vh* V/i|. 

Since we are trying to estimate the remainder terms in the Taylor expansion of 
P{h), we want to write the above expression in terms of its linearization; i.e., 

Pgih)=Pg{0)+Sh+--- 

= Bg+tCg + Sh+--- 

To do this, we use the identity (which holds for h small) 



(3.44) 



{g + h)-' - g-' 



-k-l 



k>2 



which follows from the usual geometric series formula. Therefore, 



(3.45) 



ig + h)-'-ig + h)-' = g'' * ih -h2) + J2 9''-' * {^i - h',) . 



k>2 



Each term in the sum in (3.45) can be written 

-k-l 



(3.46) 



Therefore, for h small we can write 
(3.47) {g + h)-' - 

where ri satisfies 



g " ^ * {hi — * h\ * hi- 

i+j=k—l 



g-^ = g-'*h + ri{h), 



(3.48) 



Inih) - < C{g){\h\ + \h2\)\h - h 



for hi, h2 small. In general we can write 
(3.49) lg + h)-'-g-'- 

where the remainder satisfies 



* h + rk{h), 



\rkihi) - r,(/i2)| < Ckig){\hi\ + |/i2|)|/ii - h 



2h 



(3.50) 

with a similar estimate for the Holder norm. 

We note that, using the restrictions on the weight function assumed in (3.28), the 
assumption that ||/ij|U4,a is small implies that the C°-norm of hi is also small, so we 

. iL_. 

are free to employ (3.50) in the following. 
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Next, we substitute (3.49) into each term of (3.43) involving a power of {g + h)~^, 
then collect all terms which are zeroth order in h (which combine to give Pg{0)), those 
which are linear in h (which combine to give Sh), and those which are higher order 
in h. For example, consider the term 

{g + h)*{g + h)-^ * V^h = {g + h)* (^"3 + g-Uh + rsih)) * V% 

= 9 * 9^^ * V^h + g * g^^ * h* V^h + g * r^{h) * V^h 
+ g'^ *h* V^h + g-^*h*h* V^/i + r^{h) *h* V^h. 



Next, apply (3.49 ) to each term in (3.43 ) in a similar fashion, and write the resulting 
expression as 

(3.51) Pg{h)=Pg{'d)+Sh + Q{h), 

where Q is 
(3.52) 

Q{h) = {g + h) * |r2(/i) * V'^RrUg + r2{h) * Rnig * Rnig + g~^ * RrUg * h* V^/i 

+ g"^ * VRnig *h*Vh + r3{h) * VRnig * Vh + g'"^ * Rnig * h* V'^h 

+ r^{h) * Rnig * V^/i + g'^ * Rnig * h*Vh*Vh 

+ ri{h) * Rnig *Vh*Vh + g~^ * h* V^h + g~^ * g*h* V^/i 

+ g~^ *g* ri{h) * V^h + r^lh) * V^h 

+ g'^ * V^h *Vh + g~^ * h*Vh* V^h + r4{h) *Vh* V^h 

+ 9'^ * 9* V^/i *Vh + g'^ * g * h*Vh* V^h + g'^ * g * r2{h) *Vh* V^h 

+ g-^ * V^h * V^h + g~^*h* V^h * V^h + n{h) * V^h * V^h 

+ g'^ *Vh*Vh* V^h + g~^ * h * Vh * Vh * V'^h 

+ r^{h) *Vh*Vh* V^/i + g'^ *Vh*Vh*Vh*Vh 

+ g'"^ * h*Vh*Vh*Vh*Vh + ra^h) *Vh*Vh*Vh* V/i|. 



The estimate (3.27) follows from considering each term in (3.52), inequality (3.50), 
and the smallness of h. 



We can then prove (3.30) by a fairly straightforward — but, due to the number 
of terms, very lengthy — process. We will provide the details for estimating some 
representative terms; the rest can be handled similarly. 

For example, consider the term 

(3.53) T{h) = g*g-^*h* V^h. 

Then 

T{hi) — T{h2) = g * g^'^ * hi* V^hi — g * g'~^ * h2* V^/i2 

= 9 * 9~^ * {hi — /12) * V^hi + g * g^^ * h2* V^(/ii — /i2) 
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If w denotes the weight, then this imphes 



\T{hi) - T{h2)\w^-^ < \hi - h2\\W%l\w^-' + |/l2||V'(/ll - h2)\w 



4-5 



,4-<5 



{\h^-h2\w-']{\V^h^\w^~'] 



+ {\h2\w-']{\W\h^-h2)\w^-']w'. 
Since w >1 and 5 < 0, taking the supremum gives 

||T(/ii) - T(/i2)||co_, < - /^2||c;o||/^i||c|_, + l|/^2||co||/^i - h2\\cj^] 
<C{\\h4cl + \\h2\\cl)-\\hi-h2\\ci. 
Next, consider the term 

p{h) = g * g^^ * Rnig * h* V^/i. 

Taking differences as we did above yields 

|p(/ii) - p{h2)\ < \Rmg\\h, - h^WV'hl + \Rm,\\h2\\V\h - h2)\. 

Multiplying by the appropriate power of the weight, 

\pih) - pih2)\w^-' < {w^\Rmg\}{\h - h2\w-'}{\V^h\w^-'}w' 

+ {w'\Rmg\}{\h2\w-'}{\V'ih - h2)\w^-'}w'. 

Using (3.29), we arrive at an estimate similar to ( 3.54[ ). 

Finally, let us consider a term in Qh which has a higher order of homogeneity, 

(3.55) K{h) = g*re{h)*Vh*Vh*Vh*Vh. 

Then 

K{hi) - KQ12) = g* [r^yQii) - r^{h2)] * * V/ii * * V/ii 
+ g* r(i{h2){V{hi - /is) * V/ii * Vhi * V/ii + V/i2 * V(/ii - /is) * V/ii * V/ii 
+ Vh2 * Vh2 * V{hi - hi) * V/ii + V/12 * V/i2 * V/i2 * V(/ii - /i2)} 
Multiplying by the weight. 



(3.54) 



\K{hi) - K{h2)\w^-^ < C{\hi - h2\w-'}{\Vhi\w'''yw 



4„,,4<5 



+ C|V(/ii - h2)\w^^^ {|V/ii|w7^-'f + {\Vh2\w'-'}{\Vh\w^-'} 



l-<5i 3 



,l-(5i 



2 



+ {\vh\w'-'}{\vh2\w'-'y + {\vh\w'-'} 



1-5^2 



,1-<5t 3 



W' 



3S 



which gives an estimate as in (3.54). 

Similar arguments (estimating difference quotients) give the Holder estimate in 

( |33o| . 

□ 

Since the operator Pg differs from 5* only by the gauge term, a similar estimate 
holds for B^, see the following Proposition. This fact will be used in several places 
below (e.g.. Proposition 10.3). 
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Proposition 3.8. Let {Bg)' denote the linearization of the tensor: 

(Bl)'h = j-B\g + sh)l^^. 

If we write 

(3.56) B\g + h) = B\g) + (5*)'/i + Q,(/i), 



then under the same assumptions as in (i) of Proposition \37} , the remainder Q sat- 



isfies the estimate (3.27). 



4. COKERNEL ON A COMPACT MANIFOLD 

On a compact manifold {Z,gz), with basepoint zq, we define the weight function 
to be a smooth function satisfying 



(4.1) w{z) 



d{z,ZQ) d{z,ZQ)<l/2 
1 d{z,Zo) > 1, 

and 1/2 < w{z) < 1 when 1/2 < d{z,Zo) < 1. 

Theorem 4.1. Let {Z, gz) he either CP^ with the Fubini-Study metric gps, or S"^ x S'^ 
with the product metric gs^ x gs2 . Assume that 

(4.2) t < 0, 

and let h G C^'" solve the equation 

(4.3) S\h) = 

for 6 < with \6\ small. Ifh is toric-invariant and diagonally invariant, then h = c-gz 
for some constant c G M. Consequently, if h satisfies 

(4.4) h = 0{\z\^) 
as \z\ — > 0, for 6 > 0, then h = 0. 

Proof. For t 7^ 0, we define to be the kernel of the linearization of Pg-. 

(4.5) Hi = Hl{M,g) = {h e sl{T*M) \ = O}, 
where 

,4.6) sliT-M) - {n . C'WM)) : k) .Vi ^ o}. 

For t = (the Bach tensor), we restrict to traceless tensors: 

(4.7) Hi = Hl{M,g) = [h e C''"{Sl{T*M)) \ S'gh = O}. 

If Hl{M,g) = {0}, we say that {M,g) is infinitesimally B^ -rigid. We next quote two 
crucial rigidity theorems from |GV11] with the following caveat: as pointed out in 
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(4 



the proof of Proposition 3.3, a different parametrization r was used in |GVllj . The 
relation between r and t is given by 

_ ^ 1 
^ ~ 2 ~ 3' 

The following is then a direct consequence of |GVlll Theorem 7.8]: 

Theorem 4.2 f |GVll] ). On (CP^^F^?), = provided that t <1. 

The following is a direct consequence of |GVlll Theorem 7.13]: 

Theorem 4.3 r |GVll] ). On {S^ x 5^,^52x52), = provided that t < 2/3 and 
t 7^ —1/3. If t = —1/3, then Hi is one- dimensional and spanned by the element 
9i -92- 



If one knows that h G C '"{Z), then Theorem 
rems 



4.1 



follows immediately from Theo- 



4.2| and |4.3 The only symmetry needed for this part is the diagonal invariance 



for t = —1/3, which rules out the kernel element gi — 92- We will next employ the 
symmetries, in a crucial way, to prove smoothness. 

Proposition 4.4. Ift^O, the indicial roots of are contained in Z. 

Proof. To determine the indicial roots of S**, we need to analyze homogeneous solu- 
tions of the equation 



(4.9) 



Soh = Alh-2{t + ^) V2(Aotr h) - 2{t + ^)Ao{Slh)go 
+ 2{t + ^)\/li6lh) + 2{t - ^) A^(tr h)go = 



on Euclidean space (M^ \ {0},go). Assume by contradiction that h solves (4.9) in 
\ {0}' with h corresponding to an indicial root of m + \/~lv G C \ {Z}, and 
M, f G M. This means that h has components of the form r"cos(fr), r"sin(t;r), or 
a polynomial in log(r) times one of these (we say such a solution is homogeneous of 
degree u + ^/^v). 

Taking the trace of (4.9) gives 

Ao[Ao(tr h)-6lh] =0, 

with Ao(tr h) — SqH homogeneous of degree u — 2 + \/^^v. Since the indicial roots 
of the Laplacian are Z \ { — 1}, it follows that 

(4.10) Ao(tr h) - S^h = 0. 



Substituting this into (4.9) implies that 

5 



9 



A',h + -V^(Aotr h) - Y^A^(tr h) ■ g^ = 0. 



Applying the operator 6q and using (4.10) we get 

Al{6lh) = 0, 
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which imphes Agtr h = S^h = 0, hence A^h = 0. We note that the indicial roots of 
Ao on symmetric tensors are the same as those of the Laplacian on functions, which 
is Z \ { — 1}. Since u + \/—lv is not an indicial root of Aq on symmetric tensors, we 
have a contradiction. □ 

To analyze the indicial root at 0, we first note that any constant tensor on M.'^ is a 
homogeneous degree zero solution, and the dimension of the space of these solutions 
is 10. We claim that the space of all homogeneous solutions of degree zero is of 
dimension 20. To see this, choose weight function on to be given by 



(4.11) w{x) 



\x\ \x\ > 1 

1 d{x, xq) < 1. 



With this weight function, for S > small but nonzero, consider the operator as 
mapping from 

(4.12) Si : ^ Cl-,. 

With obvious notation, the relative index theorem of |LM85] states that 

(4.13) Ind{5) - Ind{-6) = iV(0), 

where N{0) is the space of all homogeneous solutions of degree zero on \ {0}. 
We note the important fact that any bounded solution globally defined on must 
be constant, the proof is as in |AV12bl Proposition 5.4] (the key being that the flat 
metric is rigid). This implies that any globally defined decaying solution is trivial, so 



we have dim Ker(— 5) = 0. Since the adjoint weight of 5 is —5, (4.13) may then be 
written as 

(4.14) 2 • dim /sTer (5) = iV(0). 

If 6 is sufficiently small, it is not an indicial root, so any kernel element defined on 
all of satisfying h = 0{\x\^) as \x\ — ?• oo is constant. Therefore dim Ker{S) = 10, 
which implies that A^(0) = 20. 

The only symmetric constant tensors invariant under the standard diagonal torus 
action are multiples of the identity matrix, or multiples of the matrix 



(4.15) 



h 
-h 



where I2 is the 2x2 identity matrix. It is easy to see that this element is not invariant 
under the diagonal symmetry. Consequently, there are only 2 invariant degree zero 
solutions on M"^ \ {0}: the identity matrix, and another solution with log-type growth 
(we will not need the explicit formula). Another application of the relative index 
theorem applied to the compact manifold (details are similar to above) shows that, 
since c ■ g extends to a global solution, the log-type solution does not extend to a 
global solution on Z \ {^o}- 



CRITICAL METRICS 



29 



To finish the proof, ii h e Cf"" is a solution on Z\{zq} for 5 < with \5\ sufficiently 
small which is invariant under the group action, then there is an expansion 

(4.16) h = c-g + 0{\z[) 

for some constant c G M and e > as |2;| — > 0. Since the leading term is a global 
solution, we then have that h = h — c-g is solution on Z\{zq} satisfying h = 0{\z\'') as 
^ 0. A standard integration-by-parts argument shows that h extends to a weak 
solution on all of Z, and is therefore smooth by eUiptic regularity. By the above, 
h = 0. □ 



5. COKERNEL ON AN ASYMPTOTICALLY FLAT MANIFOLD 

Let {N, g) be the Green's function metric of a compact manifold (Y, gy) with pos- 
itive scalar curvature: more precisely. 



(5-1) ^2 



7V = y\{yo}, y,eY; 
9 = G^gy, 



where G is the Green's function of the conformal Laplacian with pole at yo £ Y. 
Assume iY,gy) is Bach-flat and infinitesimally Bach-rigid, that is, Hl{Y,gy) — {0}. 

Let {x*} denote an inverted normal coordinate system, and choose weight function 
w — w{x) to be given by 



(5.2) w{x) = 

where Rq is large, and xq E N is a basepoint 



x\ \x\ > Rq 

1 d{x,Xo) < 1, 



Theorem 5.1. Assume 5 < with \5\ small, and let h e C^'" solve the equation 

(5.3) S\h) = B'{h) + tC'{h) + }C6}C6{h) = 0, 

where t 0. 
Then 

(5.4) h = JCuji + f ■ gN, 
where oui and f satisfy 



(5.5) 1 

A/ = — - {Ric, ICcui) , 



Dui = 0, 

3 



where □ = SK,. 

Furthermore, suppose {N, g) is either the Burns metric or the Green's function 
metric of the product metric on S"^ x S^. If h is toric invariant and diagonally 
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invariant and 6 > 0, then u and f can also be chosen to be toric invariant and 
diagonally invariant, with 

(5.6) uj = c-x'dx' + 0{\x\-^+'), 

(5.7) /(a;) = co + ^ + 0'(|x|-^+^), 
where Cq, c, c' G M are constants, as r ^ oo, for any e > 0. 



The remainder of this section will be devoted to the proof of Theorem 5J^ Since 
the Bach tensor is conformally invariant it follows that {N,g) is also Bach-flat. Also, 
since {N,g) is scalar fiat it is also i?*-fiat, for any value of t. We also note that h is 
smooth since S"* is elliptic. 



The splitting in (5.4) reflects the fact that each term in the linearization must 
vanish: 



Proposition 5.2. Each term in (5.5) vanishes; i.e.. 





B'{h) = 


(5.8) 


C'{h) = 




OO(^) = 



Furthermore, 

(5.9) S{h) = 0. 

Proof. Since {N,g) is 5*-fiat, if we linearize the identity 

6B' = 

at g we find 

6[{B'yh] + {6'f,)B' = ^ S[{B'yh] = 0. 



Therefore, taking the divergence of both sides of (5.3) gives 

(5.10) n^{h) = 0. 

Proposition 5.3. There are no decaying elements in the kernel o/D. 

Proof. To see this, we note the formula 

3 

(5.11) Du = -d5co + 5du + 2Ric{uj,-)- 

Since the Ricci tensor decays, to determine the indicial roots of □, we need to analyze 
homogeneous solutions of the operator 

3 

(5.12) noo = -ddu + 6du 

on Euclidean space (M^, go)- We claim that the indicial roots are contained in Z\{ — 1}. 
To prove this, assume by contradiction that u solves Du; = in M'^ \ {0}, with u 
corresponding to an indicial root of u + \/—lv gC\{Z\{ — 1}}, and m, f G M. This 
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means that u has components of the form r" cos(fr) or r" sin(fr), r" log(r) (similarly 
to above, we say such a solution is homogeneous of degree u + a/— If ). Applying d to 
(15. 121) yields that 



(5.13) d6duj = {d6 + 6d)du) = —Andu. 

We note that the indicial roots of Ah are exactly Z \ { — 1} (this is easily seen since 
the leading term is the rough Laplacian, so the indicial roots are the same as for the 
Laplacian on functions). Since du is homogeneous of degree u — 1 + a/— If , which 
is not an indicial root oi Ah, we conclude that du = 0. A similiar argument shows 
that 6u = 0. Since both du = and 6uj = 0, we have that Ah{uj) = 0, which is a 
contradiction since u + \/—lv was chosen to not be an indicial root of Ah- 

Consequently, by standard weighted space theory, any decaying solution of = 
on an AF space must satisfy ^ = 0(r~^) as r — )■ cxd [Bar86j . An elementary integration 
by parts argument then shows that JC^ = 0. As there are no decaying conformal 
Killing fields on an AF space, we conclude that ^ = 0. □ 

Remark 5.4. By a separation of variables argument as in jAV12bl Section 4.1], it 
is straightforward to show that the indicial roots of □ are in fact exactly Z \ { — 1}, 
although we will not need this fact. 



By this proposition and (5.10), 

nsCh) = 0. 

Applying the result once again gives ( |5.9 ): 



(5.14) 6h = 0. 
In particular, 

OO(^) = 

and consequently 

(5.15) B'{h) + tC'{h) = 0. 

If we linearize the trace-free property of the Bach tensor at g it follows that 

trB'{h) = 0. 



Therefore, taking the trace of (5.15) gives 



= tr B'(h)+ttr C'ih) 



Lemma 5.5. If {X^,g) is either scalar-flat or Einstein, then 

tr C'{h) = -6AR'{h) 
^^'^^^ = -6A[-A(tr h) + 6^h - {Ric, h)], 

where R' denotes the linearization of the scalar curvature. 
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Proof. Since C = for scalar-flat or Einstein metrics, we have 

[tr Cy = [tr )'C + tr{C') 
= tr{C'). 

Also, tr C = -GAR, so 

tr{C') = {tr cy = -6(A)'i? - 6AR', 
and since R is constant we get 

tr{C') = -6AR', 

as claimed. □ 



In view of (5.16) and the preceding lemma we have 

AR'{h) = A[-A{tr h) + - {Ric, h)] = 0. 

Since 

\V^h\ = 0(|x|^-2), {Rtc, h) = 0(|x|^-^), 
it follows that R'{h) is a decaying harmonic function. Therefore, 

(5.18) R!{h) = -A{tr h) + - {Ric, h) = 0. 
Recall C is given by 

(5.19) C = 2V^R - 2{AR)g - 2R{Ric - ^Rg). 

Linearizing this at g (which is scalar-fiat) gives 

C'{h) = 2V^R!{h) - 2AR'{h)g - 2R'{h) ■ Ric. 



From (5.18), it follows that C'{h) = 0, which completes the proof of Proposition 
K2\ □ 

Write 

(5.20) h = h + fg, 

where / = {tr h)/4. The conformal invariance of the Bach tensor leads to the formula 

B'{4>g) = -2<PB 
for any function 0. Since g is Bach-fiat this implies 

Q = B'{h + fg) 

= B'Ch). 

It follows from |AV12b| Proposition 2.1] that any decaying, transverse-traceless ele- 
ment in the kernel of B' must decay quadratically, hence 

(5.21) \h\=0{\x\-^), 
as \x\ — i- oo. 
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Conformal invariance of the Bach tensor also imphes the invariance of its hneariza- 
tion: 



(5.22) 
Denote 



(5.23) 

Then h G C°°(F \ {i/o}), and 
(5.24) 



h = G-^h. 



B',,h = 0. 



In addition, since h decays quadratically at infinity, h vanishes quadratically at z/q. 
To see this, first note that 



(5.25) 



G'g^'g^\G-'K,){G-'hu) 



We note the relation between r = |x| and p = \y\: 



so that (5.21) and (5.25) together imply 

1^1.0 = O(p^) 



(5.26) 



as p ^ 0. In particular, h G C^'"(F). 

We now use the standard splitting of a trace-free symmetric tensor into the image 
of the conformal Killing operator and the space of transverse-traceless tensors. More 
precisely, we first solve 



(5.27) 



□90^0 = 5goh 



with ujq G C^'"(y). Since □ is self-adjoint with kernel given by the space of confor- 
mal Killing forms C{Y,gQ), this equation is solvable whenever the right-hand side is 
orthogonal to C{Y,gQ). However, if 77 G C(F, (?o)) then 



{k^,oV) dVo = 0. 



It follows that (5.27) is always solvable, although the solution ojq is only unique up to 



the space of conformal Killing fields. This fact will actually be crucial when we impose 



toric and diagonal invariance, in which case we will need to solve (5.27) equivariantly 
and study the space of invariant forms (see the end of this section). 
Let 



(5.28) 



ho = h - ICnMQ. 
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Then G C^'"(y), and is smooth away from j/q. By (5.27), is transverse-traceless, 
and on F \ {i/q} 

B'Jho) = B'Jh - IC,,ujo) 

= B'g^(h) (since Im K, cKerE') 
= 0. 

A standard integration by parts argument shows that is a global weak solution of 
Bggho = 0, and from elliptic theory it follows that ho is smooth on Y. Since (Y, go) is 
assumed to be infinitesimally Bach- rigid, ho = 0, and we conclude that 

(5.29) h = JCg^coo. 

By conformal invariance of the conformal Killing operator, 

(5.30) JCg,uJo = G-^ICg[G^ooo]. 
Hence, 



G-^h = h = G-^ICg[G^ujo] 



which implies 
(5.31) 



h = }Cg[G^coo]. 



Also, by (5.14), ui = G^Uq satisfies 
(5.32) 



= Sh = Dui, 



which gives the first equation in (5.5). To prove the second equation, use the splitting 

o 

h = h + fg in (5.18); this gives 

(5.33) -3A/ - {Ric, h) = 

(note we have used the scalar-flat condition again). 

Up to this point we have not used the invariance of h. In general, the form ui can 
grow quadratically on A^; however, using invariance we can choose a solution uo of 
(5.27) so that the resulting form oji has linear growth on A^, with highest order given 
by (5.6). To see this, we argue as follows. Since loq G C^'°(y), it admits an expansion 

(5.34) uo 
as p — > 0, where 
(5.35) 
(5.36) 
(5.37) 

where the {?/}-coordinates are local normal coordinates near yo with torus action 



(0) 



(5.38) (1/1,1/2, 1/3, Z/4) ^ (e^'Hl/i + v^l/2),e^^Hi/3 + V^y^))- 



CRITICAL METRICS 



35 



Denote pf = yf + 1/2, pI = I/3 + Z/l; and = pf + p2, and let 9i, 62 denote the 
corresponding angular coordinates. Since the group is compact, we can average over 



the group to find a solution of (5.27) which is also invariant under the group action 



(5.38), as well as the diagonal symmetry. It is elementary to see that there is no form 



with constant coefficients which is invariant under the torus action (5.38). The only 
toric-invariant 1-forms with linear coefficients are 

(5.39) cidpi + C2Pid9i + C'idp2 + C4p2d92- 

The forms pid6i and p2'^^2 extend to global Killing forms, so we may assume that 
C2 = C4 = 0. Invar iance under the diagonal symmetry implies that Ci = C3, so we 
have that 

(5.40) Wo = c-pc/p + w(2) ^0(p2+"), 
for some constant c G M. This implies the expansion 

(5.41) wi = c-xW + 0(1x1""), 

as |x| — )■ 00. Averaging over the group, we may assume ui is also invariant under the 
group action. 

To obtain the expansion for /, extend the function |x|"^ to all of by a cutoff 
function (which we supress). It is not hard to see that A(|x|"^) = 0(|x|"^) as 
|x| — )■ 00, and there exists a constant c' G M so that 

(5.42) [ (--{Ric,}Cui)-c'A\x\-^)dV = 0. 

Next, consider A : C%^{N) 0_'6+,(Ar). The adjoint weight is 2 — e, so from toric 
invariance, the kernel of the adjoint contains only constants. We may then solve the 
equation 

(5.43) A/ = --{Rtc, ICui) - c'A(|x|-2) 



3 

with / G C'^'4_|_g. Equivalently, 



(5.44) A(/ + c'|x|-=^) = --{Ric,}Cui). 

3 

Since there are no decaying harmonic functions, we must have 

(5.45) / = / + c'|x|"2 

with / = 0(|x|"^"'"'^) as |x| — ?■ 00 for any e > 0. Again, averaging over the group, we 
may assume that / is invariant under the group action. 

Finally, we consider the case that 6 > 0. Using the same argument as in the proof of 
Theorem |4.1 involving the relative index theorem, the toric and diagonal symmetries 



imply that the only possible leading terms are c ■ gjy and a log-type solution. Since 
c ■ qn extends to a global solution, again the relative index theorem implies that the 
log-type solution does not occur. Consequently, after subtracting a multiple of the 



metric, the solution is decaying, and (5.7) follows from the previous expansion. 
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6. ASYMPTOTICS OF THE COKERNEL 



Denote the (normalized) cokernel element described in Theorem 5.1 by 

(6.1) oi = K + fg, 
where 

(6.2) K = IC[uJi], 
with 

(6.3) M, = x' + 0{1). 
This section will be devoted to proving the following 

Theorem 6.1. The tracefree part of AF- cokernel element oi satisfies 

(6.4) Kij = '^Wikjeivo)'^ + Oi\x\ 



-4+eN 



as \x\ — )■ oo, for any e > 0. 

Recall in inverted normal coordinates at the point yo, the AF metric has the ex- 
pansion 

1 x^x^ 2A 

(6.5) Qij = 6ij - -Rikje{yo)-r-r^ + J-i^^ij + Oi\x\~^). 

In the following, we will need to have expansions for the Christoffel symbols: 

Lemma 6.2. In inverted normal coordinates, 

1 x°' 1 x" 



(6.6) + -Riak^iyo) 1^16 + ::Rjaki3{yo)—r-r^ i^RiajpiVo) 



Proof. Recall 



_ - + + Oi\x\-^). 



By (6.5), 



(JiQjm — (Ji\ — T^RjampKyo) , ,4 + 1 — y^^jm] + 



— o-Rjjm/3(Z/o) |— M ~ o-Rjamj(l/o) |— M + l^RjampKllQ) , ig 

_4A^ + ... 

b^ 



CRITICAL METRICS 37 
Therefore, after combining terms and rearranging, 



^ 1 iX/ ^ ^ t: . . i/j i/j iX' j: , , JO du JO 

+ -^jampiyo) I |g K -^iampiyo) , .g i:^jail3[yo) pf^j 

_ - + + ■ ■ ■ 

t/j JU 



It follows from (6.5) that the inverse matrix g is given by 
^ 1 x'^x^ 2A 

(6.7) 9 ^ = Skm + 7,Rkama{yo)-, — fi 1— pT'^fcm + ' ' 

3 \x\^ \x\'^ 

Consequently, 



3 ^."^'v.^/|^|4 3 ^^"^.w^.|^|4 

2^Jl' rf<l^ O -T^J lyl^ O /v»^ fy^Q /y»^ 

, , tAJ iXj iXj ^ _ _ , , iXy iXy iX. ^ , , iXy Jj t-fj 

(6.8) + -Rjak^iyoj I |g + o^iafc/3(l/o)— r-|^ l^Rjai^yyo) i ig 



iXj tAj iXj 



which is the same as (6.6) after rearranging and re- indexing. □ 
Next, we consider the form uj = ujdx^ with 

x^ 

(6.9) Uj = X^ +bjk-r—r^, 

where 

(6.10) hj = -^S^jiyo) + 2A5i„ 
where 

(6-11) Sijivo) = ^(^Rijiyo) - ^R{yo)Sij^ 

is the Schouten tensor. We extend u; to be a globally defined form on all of by 
cutting it off at some finite distance from the basepoint. Since this cutoff will not 
matter in the following, we will suppress it from the following computations. 



Lemma 6.3. In inverted normal coordinates, 

tAj JU JU ^ iXj ju 



(6-12) + \RikAy^)'^ - \Rkt{yo)^5ij 

2 A 

+ -n^ [4xV - + 0(|x|-^), 
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as \x\ — 7- OO. 

Proof. We begin by noting 



Using (6.9), 

(6.13) 

while 



diUj 



\x\ 



- 2 



\x\ 



+ ■■■ 



(yo) 



\x\ 



-RjakiiVo) 



\x\ 



(6.14) 



+ -Riakliiyo) 



JU iXj JU 



XX- 



4 + T^Rjak/siVo) 



'j^3 t]C^ 



^X^ tX^ 



-AA— + 2A-^ + 0{\x 



\x\ 



\x\ 



By the symmetries of the curvature tensor, the third and fourth terms above obviously 
vanish. If we re- index in the first two terms, /3, then we can rewrite them as 



-^Riakjiyo) 



\x\ 



1 



RjakiiVo) 



\x\ 



--R 



ial3j 



(yo) 



\X\ 



1 00 ^ tX^ 

- ^Rjai3i{yo)- 



(6.15) 



Riajl3{yo) I 14 + ■:^Ril3ja{yo) 



RiajpiVo) 



\X[ 
tX^ 



\x\ 



Substituting this back into (6.14), we find that 

Tl-Uk = -4A 

Therefore, 



\x\ 



x\ 



0{\x 



-3^ 



(6.16) 



6ii + 



bjkx'^x'- 
\x\ 



\x\ 



-2 



+ 4A 



XX' 



\x\ 



-2A, 



\x\ 



+ 0(|x|-3). 



The divergence of u is 
5uj = g^^ViUj 



{Sij + - Riaj piVo) 



Xi' Xi 



\x\ 



1A 



\x 



(6.17) 



r c- , bji bj\JX X 

X \ + - 2 \ ,. 2 



2 + 
bjkx'^x'^ 



\x\ 



\x\ 



. . bkk ^bMX^x^ , / N 
4 + — - 2— r-r:^ h -Rkdyo) 



\x\ 



\x\ 



k f 

XX 



+ 4A 



XX- 



-2A- 



\x\ 



\x\ 



+...} 



12A 



\x\ 



+ 
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Hence, 



{Suj)gij = {4 + — - 2 + -RM{yo)T-Tz ' TZJJ + ' ' ' I 



\x\ 



\x\ 



\x\ 



X 



x'^x^ 2A 



(6.18) 



- :^Rikje{yo)-rT^ + 



45j,- + T^Sii - 2 



bkiX^x 



x\ 



\x 



X X 1 



a; 



k 

XX 



x\ 



\x\ 



4A 



5ii + 



\x 



Finally, combining (6.16) and (6.18) we get 



(6.19) 



bin 

2-^ 



\x\ 



hjkX^x' bikx'^x^ Ibkk ^ , bkex^x 



\x\ 



\x\ 



2\x\^ 



+ i^RikjeiVo) 



k P 1 

XX 1 



\x\ 



RktiVo) 



x^x^ 



6ii + 8A 



4 "'J 



\X 



4 *J 



X 



2A, 



, 1^ 6 
which completes the proof. 

This implies the following decay rate for Do;: 
Lemma 6.4. In inverted normal coordinates, 
(6.20) □u; = 0(|x|-^), 

as \x\ — 7- oo. 

Proof. Recall that □ is given by 

Uuj, = [6K[uj])^ = g'^'VklCiuj],, = g^^dk^uj],, + K,[uj] * T. 

Note that 

(/C[a;]) *r ~ |x|^^ 
so it is much lower order than the derivative term. Also, 

g'^dkfCiuj],, = {6,k + 0{\x\-^))duK,ij[uj] 
= diJC[u]ij + (lower). 

Consequently, we obtain 



+ 



X 



bijX^ _ bjkX^ _ bkk_ j AfX^^xV 



(6.21) 



X 



X 



X 



+ T^Rkeivo) 



X 



X-' 



'RMt-t7 + 12A— + 0{\x 



X 



X 



as |x| — !■ oo. Substituting (6.10) into this completes the proof. 
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Consider □ : C'^2+e{^) ~^ ^-t+ei^)^ with e > small, and consider the equation 



(6.22) 



D(uj') = Du 



The cokernel of this operator has domain weight — e, so from Proposition |5.3[ there 
is no cokernel. Consequently, (6.22) has a solution oo' G C'^2+e- The form u = oo — oo' 
is then a solution of Do) = with expansion 



(6.23) 



X 



+ bjk-r—r^ + 0{\x\ 



-2+e\ 



\X 



for any e > 0. Since u and Ui have the same leading term, and their difference is 
decaying, we must have a) = Wi, so of course coi admits the same expansion. 



Proof of Theorem 6.1. Substituting (6.10) into (6.12) and using the decomposition of 
the curvature tensor into Weyl and Schouten parts gives 



/CM,, = 2{ - \Si^{yo) + 2A5i,}^ - 2{ - \s^k{yo) + 2^5,4 



-2{--S.,k{yo) + 2A5,u] 



\x\ 



\X\ 



XX 



\x\ 



^{-^^(2/o) + 8A} 



1 X X 2 

+ { - i^Skeivo) + 2A6ke}-^Sij + - {Wikje{yo) + {SijSke{yo) - SaSjkiyo) 



SjkSiiiyo) + SkiSijiyo))} 

2 x^ x^ 
^ i^Wikjiiyo)^^ H 



\x\ 

x^x^ 



i qf-'J 



+ 8A- 



XX- 



\x\ 



\x\ 



-.RuiyG 



x^x^ 



5ii - 2A 



\x 



4 



5i 



\x\ 



+ 



□ 



7. Some auxiliary linear equations 

In this section, we solve two linear equations. First, an equation on the AF metric 
{N,g]\f), and second, an equation on the compact manifold {Z,gz). The "group 
action" will refer to the f/(2)-action in the cases gz is the Fubini-Study metric and 
gN is the Burns metric, and to the toric action plus diagonal symmetry in the case 
gz is gs'^xs'^ and (/at is the corresponding Green's function metric. 

7.1. A linear equation on {N,gN). On the compact manifold {Z,gz), in normal 
coordinates {z^} around Zq, we have the expansion 

(7.1) gz = {gzhdz'dz^ = {6,, + H2{z)ij + 0{\z\%,)dz'dz^ , 
where 

(7.2) H2iz),, = -^R,,j,(zo)zh'. 
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Again let {N,gfyf) be the conformal blow-up of the Bach-flat manifold {Y,gY), as 
above. Consider the quadratic tensor 

(7.3) H2{x) = {-^R,k,i{zo)x''x')dx'dx^. 

This tensor H2{x) of course does not live on all of N, since it is only defined in the AF 
coordinate system. To extend H2{x) to all of iV, let < < 1 be a cut-off function 
satisfying 

(7.4) 0(t) = 

and consider (1 — (f){RQ^x))H2{x), where Rq is very large. 
Proposition 7.1. Let S denote the linearized operator on N, then 

(7.5) 5((1 - (P{R^^x)H2{x)) = 0{\x\-') 
as \x\ — 7- oo 




Proof. From (3.43), the linearized operator has the general form 



(7-6) 



Sh = {g'"^ + g* g^'-^) * V^h + g * g'^ * Rm * V^/i + g * g'"^ * VRm * Vh 

+ {g^^ + g* g'^) * iy'^Rm + Rm * Rm) * h. 

It is easy to see that for \x\ sufficiently large and any tensor h, 

v^/i = d% + r* d^h + ((9r + r * F) * d'^k 

(7.7) , , 

+ {d^T + T *dT)*dh + {d^T + dT*dT + T* d^T) * h, 

where d denotes coordinate partial derivatives. If h grows quadratically, then since 
(7 AT is AF of order 2, we see that 

(7.8) V% = d^h + 0{\x\-^). 
Since {gN)ij = ^ij + 0(|x|~^), it follows that 

ig-' + g * g-') * v^/i = Soh + 0(|x|-^), 

where 5*0 is the linearized operator with respect to the ffat metric. Estimating the 
other terms on the right-hand side of (7.6) in a similar manner, we find 

(7.9) S{h) = Soh + O{\x\-^) 

as |x| — 7- oo. Since H2 has quadratic leading term and 5*0 is a fourth-order operator, 
we clearly have 

(7.10) So{H2) = 0. 
Therefore, 

(7.11) S{H2) = 0{\x\-^) 

as \x\ — !■ 00. □ 



42 MATTHEW J. GURSKY AND JEFF A. VIACLOVSKY 

Next, given e > 0, consider 

(7.12) S : Ct'''{N) ^ C°l"4(iV). 
The cokernel of this mapping is the kernel of 

(7.13) S* : Cl'f (AT) ^ C°J"_^{N), 

which consists of the decaying elements. 

By Theorem 5.1, Ker[S*) is 1-dimensional, and spanned by the element 

(7.14) oi = lCui + f- gN. 



Since Ker{S*) is nontrivial, this means the map in (7.12) is not surjective, that is, 
S{Cf''^) C C^l'^ is a proper subset, and the quotient space 

(7.15) C°f4/5(C,^'") 

is 1-dimensional. A tensor h G C^l'^ is in the image of C^'" under 5* if and only if it 
pairs trivially with Ker{S*) under the pairing. That is 

(7.16) heSiC^'")^ [ {h,oi)dV = 0. 

Jn 

Since the quotient space is 1-dimensional, we choose k^^ G C^l^ having compact 
support in B{xo, Rq) (where Xq is a basepoint) satisfying 

(7.17) j{o,,kf^)dV = l, 
and we can write 

(7.18) C°l"4 = S{Ct''') © M • kf\ 

By averaging over the group, we may assume that k^^"* is invariant under the group 
action. Therefore, we can write 

(7.19) S{{1 - <P{R^^x))H2{x)) = S{K) + Xkf\ 

where G C^'°, and A G M. Again, by averaging over the group, we may assume 
that /le is invariant under the group action. Rewriting this as 

(7.20) 5((1 - <j){Ro'x))H2 - K) = Xkf'\ 
we now define 

(7.21) H2 = {1- (piRo'x))H2 - K. 

Since G C^'", clearly H2 has leading term exactly equal to as |x| — )■ 00. To 
summarize, we have solved 

Proposition 7.2. On {N,gj\f), there exists a solution of 

S(H2) = Xk\°\ 

(7.22) : ' ' 

H2{x) = H2{x) + 0^^\\x\'), as \x\ 00, 
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where k^^ is a tensor with compact support on {N,gj^) satisfying 

(7.23) [ {oi,kf^) dV = l. 

Jn 

Furthermore, H2 can be chosen to be invariant under the group action. 

7.2. A linear equation on {Z,gz)- Next we return to the compact metric {Z,gz)- 
Recall on {N,gi\f), we have an AF-coordinate system satisfying 

(7.24) gN = {gN)ijdx'dx^ = {5ij + H^2{x)ij + 0{\x\-^^')^j)dx'dx\ 
where 

1 ^ ' 1 

(7.25) H_2ix) = ( - -R^kAyo)'^ + 2A—5^,)dx'dx' 

is a 2-tensor with components 

1 ^ ^ 1 

(7.26) H.2ix)^j = --RikAyo)'^^ + 2A— 

Consider the inverse quadratic tensor 

1 k I 1 

(7.27) H^2iz) = ( - R,,^,(y,)^ + 2A—6.,,)dz'dz^. 

Extend this tensor to all of Z by (j){{R')^^z)H^2{,z)^ where h < R! < injzo{gz) is some 
fixed radius. 

We will need the following technical lemma both in this Section, and later in 
Section [TOl 

Lemma 7.3. Let Sq denote the linearized operator with respect to the flat metric. 
Then 

(7.28) So{H^2) = 0, 

where if_2 is viewed as a tensor on \ {0}. 

Furthermore, if (Bq)' denotes the linearization of the -tensor at the flat metric, 
then 

(7.29) iB'onH.2) = 0. 



Proof. To prove the Lemma we use the expansion (7.24): 

(7.30) gN = go + H^2 + 0{\x\-^+') 

where go is the flat metric. Let 9 = g^ — go- Since gN is i?*-flat, 

^^3^^ PgM=B\gN) + JCgJoJCo6o9 

= )Cg^6o}Co6o9. 
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We can also use the expansion of P at the flat metric Qq to write 
(7.32) =B\go) + So{e) + Q{e) 

= Soie) + Q{e). 



Combining (7.31) and (7.32) we find 

Soe = }CgJolCoSoO-Q{0)- 



(7.33) 
Since 
(7.34) 

and 5*0 is fourth order, 
(7.35) 
hence 

(7.36) So{H^2) = ICgJolCoSoe - Q{9) + 0{\x\-'+'). 



9 = H^2 + 0{\x\-'+') 
5'o^ = 5o(i/-2) + 0(|x|-«+^) 



Also, using (3.27) we have 

(7.37) Q{e)=0{\x\-'), 
so that 

(7.38) SoiH_2) = ICgJoJCoSoO + 0(|x|-«+^) 



It remains to estimate the gauge-fixing operator acting on 9. By (7.26), 

x'^x^ R{yo) (x^x^ 6i 



(7.39) 



9ii 



\x\ 



36 I \x 



+ 0(|x| 



Using the skew-symmetry of the Weyl tensor we find 
(7.40) 

We next calculate 



(M)i = ^^^ + 0(|x| ) 



5o1Cq5o9 = n5o9. 



It is easy to check that the form 
(7.41) 



x-^ 
\x\ 



-dx^ 



is harmonic. Therefore, using the formula (5.12) for □ on Euclidean space. 



□a; = -d5uj + 5duj = 0. 
2 



Consequently, 
(7.42) 



So)CoSo9 = nSo9 = ai^^^u + 0{\x\-')j = 0{\x\~'). 
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It follows that 
(7.43) 



^Sivf^O^O^O^ = 0{\x 



-8\ 



which, using (7.38), implies 
(7.44) 



So{H,2) = 0{\x\ 



However, since H_2 is homogeneous of degree —2, So{H_2) must be homogeneous of 
degree —6. Therefore, (7.44) implies that Sq{H_2) vanishes. 

A similar argument (expanding the i?*-tensor as in Proposition 3.8 ) gives ( 7.29 ) . □ 

Proposition 7.4. Let S denote the linearized operator on Z , then 



(7.45) 

as \z\ — 7- 0. 



smRr'z)H_2{z)) = o{\zn 



Proof. As above, for \z\ sufficiently small and any tensor h, 

S7^h = d^h + r* d^h + ((9r + r * r) * d'^k 

+ (a^r + T*dT)*dh+ {d'^T + dT*dT + T* d'^T) * h, 

where d denotes coordinates partial derivatives. If h blows-up inverse quadratically, 
then since {z*} are Riemannian normal coordinates, we see that 



(7.46) 



(7.47) 



V^h = d^h + Oi\z\-^). 



Arguing as we did in the proof of Proposition |7.1[ we find that 

(7.48) Sih) = Soh + Oi\z\-''), 

where 5*0 is the linearized operator with respect to the fiat metric. If we take h = H_2 
in (7.48), then (7.28) of Lemma 7.3| gives 

(7.49) S{H^2)=0{\z\-^) 

as \z\ — )■ 0, and the Proposition follows. □ 
Next, for e > 0, we have 

(7.50) S : Cl'f (Z) -> C°'"_4(Z), 
with adjoint mapping 

(7.51) S* : C^'^'iZ) C°l° (Z). 
there is no (invariant) cokernel. Thus there exists G Cl'" such 



By Theorem 

that 

(7.52) 
or rather 
(7.53) 



4.1 



smR'r'z)H-2{z)) = s{K) 

SmR!)-^z)H_2{z)-K) 



0. 



46 



MATTHEW J. GURSKY AND JEFF A. VIACLOVSKY 



Averaging over the group, we may assume that /i^ is invariant under the group action. 
We then define 

(7.54) H.,{z) = <Pi{R')-'z)H_,{z) - h,. 
To summarize, we have proved 

Proposition 7.5. On {Z,gz), there exists a solution if_2 of 

(7.55) SiH^2iz)) = 

(7.56) H.2{z) = H_2{z) + 0{\z\''), as 1^1 ^ 0. 
Furthermore, H-2 can be chosen to be invariant under the group action. 
Remark 7.6. From now on, we will fix e > small. 



8. Computation of the leading term 



In this section we compute the constant A which arose above in Proposition 7.2 



As the title of this section indicates, we will refer to this constant as "the leading 
term" for reasons which will become clear later in Section I 



Recall from Proposition 7.2 that A was defined via equation (7.22): 

S{H2) = Xkf'^ on N, 



(8.1) 
with 
(8.2) 

as |x| — > oo, and 
(8.3) 



H2ix) = H2ix) + O^^Wxl') 



{H2)ij = ~-Rikjeizo)x X . 



Pairing both side of the defining equation for A with the cokernel element Oi and 
integrating gives 



smce 



A 



5(^2), Oi) dV, 



N 



j{kf\oi) dV = l. 



Proposition 8.1. The constant A is given by 
4 

(8.5) A = -W3 \Wikji{yQ)Wikji>{zo) + Wikji{yQ)Wii,jk{zQ)\ + Atuj2.R{zQ)mass{gN) 
where uj^ = Vol{S^). 
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We prove this formula through a series of lemmas. To begin, let 
(8.6) B = {x EN : |x| < a"^}, 

(where we extend |x| to be defined on all of by letting it be a constant outside of 
the AF region of N), and use (3.15) to write 

(8.7) 

{SH2,0i) = 

1 

{A\k),o,) + jj,lC[d{V,{H,))io,) + ^-tj^{[/\\tT H,)-A{5'H2)]g,o,), 

o 

where T denotes the trace-free part of the symmetric two-tensor T. 
Lemma 8.2. As a 0, 



(8.8) 



B J B 



4 

+ T:^^3\Wikji{yQ)Wikji>{zQ) + Wikji{yo)Wiijk{zQ)\ + o(l). 
y 



Proof. Since k is the trace-free part of oi, 



B J B 



Integrating by parts, 

p o p o p o r ^ 

/ {A^H2,k)= / {H2^A^k)+ i {Vn{AH2),k)- f {AH2,Vn^) 
Jb Jb JdB Job 



(8.9) 



+ (t {VNH2,AK)-(b (/72,Viv(A/s:)), 

'dB JdB 



where N is the outward unit normal to A^. All the boundary integrals in (8.9) are 
with respect to the approximate metric g. To estimate each boundary term we use 
the fact that on dB, the metric and Christoffel symbols satisfy 

g = 6 + 0{a'), 

(8.10) T = 0{a^), 

or = O(a^), 

where S denotes the flat metric. For a symmetric 2-tensor T = Tij, 

(8.11) AT = g''^VaV(,T, 
and 

(8.12) VaV/jT = dadfsT + T * dT + dV *T + T *T *T, 
hence 

(8.13) ATij = AoTij + 0(a2) * d^T + 0{a^) * dT + O(a^) * T, 
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where Aq denotes the flat Laplacian. 



Taking T = H2 and using (8.2) we first note 



(8.14) 



Therefore, 



= -^Rikji{zo)x''x^ + ^Rke{zo)x''x^Sij + 0{\x\ 



(8.15) 



° 1 1 1 

da{H2)ij = --Riajeizo)x^ - -Rikja{Zo)x'' + -Rak{zQ)x^ 6ij + 0(|x|'~^), 
fill 

dadp{H2)ij = —-Riaj/sizo) — -Ri/sjaizo) + -Rai3izo)Sij + Oda;]"" ), 



hence 

o 

(8.16) (A^2)y = 

Assuming {Z, gz) is Einstein, then 



'^[R,^{z,)-^R(z,)5,^]+0i\ 



x\ 



lt-2\ 



It follows that 



Riji^o) - ■^R{zo)Sij = 0. 



(8.17) 



(AH^h, = Oi\x 

o 

Vjv(A^2)y- = 0(13;^-=^ 



as X — > 00. 



By (6.4), on dB we have 



\k\ = O(a^), 
\Vk\ = O(a^). 



Using these estimates along with those of (8.17) we find 



(8.19) 



dB 



{AH2,VN'i) \ =0{a 



2-e\ 



dB 
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Next, we take T = Kij. Using (6.4) 

3^ 
2 
3 



2 2 x'' 8 



k i Q 

00 OC 



\x\ 



\x\ 



1.20) 



2 12 1 



\x\ 

iXj 00 00 oc 



+ 0{a' 



x\ 

x^x^ 8 
3 



^k^P 8, 



\x\ 

x^x^ 



\x\° 

£ c 
00 00 



\x 



Therefore, 

(8.21) 

On dB, 

(8.22) 

hence 
(8.23) 



16 



h t 

XX 



x\ 



;Kij + 0{a^). 



\x\ 



A^" = ^ + 0(a' 
\x\ 



X' 



W^Tij = —,d^T,j + 0{a') * dT + O(a^) * T. 



\x\ 



From (8. 14), (8. 20), and (8.23) (or, by reasons of homogeneity) we conclude 

k P 1 

XX 1 



-Rikjei^o)- 



x^x^ 



\x\ 6 



Rkeizo)——6ij + 0{a 



l-e\ 



\X 



(8.24) 



Vjv(A/t) 



\x\ 
64 

y 

32 



(if2).,+0(a^-) 



x^x^ 



Wikjeivo)^^ + 0{a 



x\ 



-Kij + 0(a''). 



It follows that 



(8.25) 

hence 
(8.26) 



O O orj 

{VnH2,Ak) - (^2, V^(Ak)) = - 

dB -J 



l^.fciK2/o)i?^ai/3(^o)e'e're'' + 0(a). 



I€l=l 
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If we decompose the curvature tensor of Riajpizo) (again assuming (Z, gz) is Einstein), 

Riajp{zo) = Wiajisizo) + —R{zo) {SijSal3 " Si^Sja)- 



Therefore, the integrand in (8.26) can be written 



Wikji{yQ)Riaji3{zo) = Wikji{yo)Wio,jp{zo) - —R{zo)Wi3kai{yo)- 



hence 
(8.27) 



[ Wikji{yo)RiaAzo)e^'C^^ dS= ! WikAyo)w^^j^{zo)ei'Ci^ dS 

J\i\=l J\£,\=l 

\r{z,) [ w^kai{yo)ec'e^^ ds. 



'l?l=i 
1 

The last integral vanishes by skew-symmetry of the Weyl tensor; therefore 



(8.28) 



32 



dB 



{VnH2,Ak) - {H2,Vn{Ak)) = - / W,kAyo)W,^,^{zo)eCCe dS + 0{a). 



We now use the identity (see |Bre08j ) 

(8.29) / e^'C^" dS = '^ {SkiSap + 6kJpi + . 

J\i\=i ^4 



Plugging this into (8.28), we obtain 
(8.30) 

° ° 4 

{VnH2,Ak) - {H2,Vn{Ak)) = -uj3[Wikji{yo)Wikji{zo) + Wikji{yo)Wiijk{zo)] 



dB 

which proves the Lemma. 
Lemma 8.3. As a —¥ 0, 

(8.31) 



+ 0(a). 



□ 



{)C[diV2{H2)],o,) = 0{a 



2-e\ 



B 



Proof. Since /C[-] is trace-free, we can rewrite the integrand in (8.31) as 



{K[d{V2{H2)l0l)= / (JC[d{V2{H2)l>^). 
B J B 
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(/C[rf(P2(^2)],/t) = -2 / {diV2{H2),Sn) 



B 



(8.32) 



B 



+ 2(b K{d{V2{H2)),N) 
JdB 

2 / K{d{V2{H2)),N). 
JdB 



Using (8.12) and computing as we did in the proof of Lemma 8.2, on dB we find 



(8.33) 



Therefore, 



5^H2 = ^Rizo) + Oia^-'), 
A{tr H2) = -'^R{zo) + 0{a'~') 



V,{H,) = {t + -)R{zo) + 0{a^-') 



d{V2{H2)) = 0{a 



3-t\ 



Since k = O(a^) on dB, we see that the boundary term in (8.32) is 0(a^ '^), which 
proves the Lemma. □ 

Lemma 8.4. As a ^ 0, 



(8.34) 
3 
2 



t [ {[A^tr H2)-A{5'H2)]g,o,)= [ {H2,6t[iA' f)g - V'{Af)]) 

J B J B 



12 



Proof. Since oi = k + fg with k, trace-free, we have 



(8.35) 

[ {[A\trH2)-A{6'H2)]g,o^) = h / {[A\tr H2) - A{6'H2)]g, k + fg) 



B 



2 JB 

3 
2 



t [ {[A'itrH2)-A{5'H2)]gJg) 

J B 

6t [ [A\trH2)-A{S'H2)]f. 

JB 
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Integrating by parts, we find 



(8.36) 



J B J B 



d 



A(tr H2)^f + I -^{tr ^Af 



idB JdB Job 



(^2,(AVk-V2(A/))+/i + --- + J8. 



By Theorem 5.1 on dB 



(8.37) 



_d_ 
dN 



A/ 
(A/) 



{Ric,oi) = 0{a^ 



1 



Also, from the preceding lemma (see (8.33)) 



(8.38) 



dN 



tr Ho 



{tr H2 



1 

"3 

■-Rm{zo)-—- + 0{a 
3 \x\ 



1 



A(tr^2) = --i?(^o) + 0(a2- 



i?,,(^o)xV + 0(a-^) = 0(a-2), 

= 0(a-^), 

0(1), 
= 0(1) 



5^H2 = -R{z^) + 0{a^-' 



d_ 
dN 



d_ 
dN 



(A(tr H2)) = 0(a 



3-e\ 
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d 



(8.39) 



h = -i (tr H^)-^(M) = 0(a\ 

JdB 



h 
h 



ON 



dB 



dB 



{Af){6H2,N) = 0{a' 
d 



Therefore, it remains to calculate I2 and Jy. 



First, using (8.38) we have 



h + Ij 



d 



dB 



- A{tr H,)] —f 



dN 
d 



f 



(8.40) 



/ [Rizo) + O{a^' 

JdB 

i?(^o) jf^^/ + 0(a2-) (hy^) 

= R{zo) / Af + 0{a^-') (by the diver gence theorem) 
Jb 

= -Ir{zo) [ {Rtc,K) + 0{a^-') (hj^). 
J Jb 

Using the fact that k = }C[uJi], we can integrate by parts to obtain 

{Ric, k) = / {Ric, IC[uJi\) 
Jb 

= 2 [ RijV'ui 



B 



Jb JdB 

Using the second Bianchi identity and the fact that the scalar curvature is zero, 
solid integral above vanishes and we conclude 



(8.41) 



I2 + I7 



--R{zo) (t Ric{N,ui) + 0{a 

3 JdB 



2-e\ 
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By Q and ([S^, 

(8.42) Ric{N,ui) = Rij 

Proposition 8.5. As \x\ — )■ oo, 

Rj 



XX- 

\x\ 



+ 0(1x1 



(8.43) 



4 t]c^ 



x'x^ + 



6 36 
AA 



XX- 

\x\ 



\x\ 



\x 



(5,,+0(|x|-^). 



Proof. This is proved in Appendix [A] 
Assuming tlie proposition, we see that 



R. 



XX- 



\x\ 



12 



R{yo 



\x\ 



12A 



\x\ 



+ 0{\x\ 



Therefore, 



h + h 



R{zo) (p Ric{N,ui) + 0{a 



2-e\ 



dB 



-^R(zo)[^R{yo)-l2A] (f ^ + 0(a) 

O iZ Jq^ \x\ 

-'^u^Rizo) [^R{yo) - 12A] + 0(a). 



Plugging this into (8.35) and (8.36), we arrive at (8.34). 



Combining Lemmas 8.2, 8.3, and 8.4, and using (8.7), we have 



/ {SH2,o^)= [ {H2,A'K + Qt[iA'f)g~V'iAf)]) 

J B J B 



(8.44) 



4 

+ -u-i \Wikji{yQ)Wikji{zQ) + Wikji{yQ)Wiijk{.ZQ)\ 
y 

+ Atu:,R{zo){l2A - ^Riyo)] + o(l). 



□ 



□ 



By Proposition 2^, the quantity is braces is exactly the mass of the AF space. Propo- 
sition 18.11 then follows from the next Lemma: 

Lemma 8.6. The cokernel element oi satisfies 

(8.45) = 5(oi) = A'k + 6t[{A'f)g - V\Af)] + 0(|x|-«). 



Proof. By the formula in (3.15), we have 

(8.46) = A2[oi - ^{tr oi)g] + IC[d{V2{o,))] + ^t[A\tr a,) - A{6'o,) 
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Using the properties of Oi in Theorem |5.1[ we have 



It follows that 



and 



1/ 

oi - -{tr oi)g = K, 
tr oi = Af, 
6'o, = A/, 
A{tr oi) = 4A/. 

^^2(01) = {t+ ^)5'o^ - (t + ^) A(tr 01) 
= -3tA/, 

/C[d(I)2(oi))] =-3t/C[rf(A/)] 



Therefore, 



So, = A\ + }C [d{V2{o,))] + lt{A^f)g + ■■■ 

= A'k - 6tV2(A/) + hiA' f)g + lt{A'f)g + ■ ■ ■ 
= A\ + 6t[{A'f)g-V\Af)]+..., 
as claimed. □ 

9. Naive approximate metric 

Let {Z, gz) be a compact i?*-flat manifold. In our application, {Z, gz) will be taken 
to be either CP^ with the Fubini-Study metric, or 5*^ x 5*^ with the product metric. 



with the coordinate systems described in Subsections |2.1| and [2^ 

We let Zq denote the base point, which is [1,0,0] in the case of CP^, or {n,n) in 
the case of S'^ x S'^. As seen above, we have a Riemannian normal coordinate system 
{z^},i = 1 ... 4, satisfying 

(9.1) gz = dz^ + r]z{z), 
where rjz has the expansion rjz = {riz{z))ijdz^dz^ with 

(9.2) {Vz{z)),, = -^R,k,i{zo)z^z' + 0{\z\^) 
as \z\ — )• 0. 

Furthermore, in the case of CP^ the metric is invariant under the standard linear 
action of U (2) in the {2;}-coordinates, and in the case of S"^ x S"^ the metric is invari- 
ant under the standard diagonal torus action, and also invariant under the diagonal 
symmetry, both in the {2;}-coordinates. 
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Next, let (A^, Q]^) be a i?*-flat AF space of order 2. In our application (A^, gjq) will be 
taken to the either the Burns metric or Green's function metric of the product metric 



with AF coordinate system as described in Subsections 2^ and 2A The Green's 
function here is with respect to the basepoint which we will denote as yo; which is 
[1, 0, 0] in the case of CP^, or either point (n,n) of S"^ x S"^. 
We denote the AF coordinates as {x*}, i = 1 . . . 4, and write 

(9.3) qn = dx^ + riN, 
where the tensor rj^ admits the expansion 

(9.4) = -\R^M'^ + 2A^5., + 0(1X1-^+^) 

as |x| — > oo. 

In the case of the Burns metric, the metric is invariant under the standard linear 
action of U{2) in the {x}-coordinates, and in the case of the Green's function metric 
on S"^ X S"^, the metric is invariant under the standard diagonal torus action, and also 
invariant under the diagonal symmetry, both in the {x}-coordinates. 



Let be the cutoff function defined in (|7.4|): 
(9.5) <P{t) = 




For 6 > denote the annulus Az{b, 2b) = {b < \z\ < 2b} C Z, and for a > denote 
the annulus AN{a~^,2a~^) = {a~^ < \x\ < 2a"^} C A^. Let t : AAr(a~\2a"^) 
Az{b, 2b) denote the map l{x) = abx = z. Identify the annular region Az{b, 2b) C X 
with ANia-^,2a-^) C A^ using the map l to define a new manifold Xa^. 

Remark 9.1. With this choice of l, the manifold Xa^b is diffeomorphic to X^Nc, 
where Nc is the one-point compactification of A^. If we instead choose i to be defined 
by, for example, l{xi,X2,X3,X4) = ab{—xi,X2,X3,X4), Xa,b will be diffeomorphic to 
X^Nc, which can be different topologically. 

In the case where {Z,gz) is the Fubini-Study metric and {N,gi\i) is the Burns 
metric, the U{2) action extends to Xa^, since the actions agree in the coordinate 
systems. In all other cases, the torus action as well as the diagonal symmetry extend 
to actions on Xa^. For convenience, we will now refer to this action as "the group 
action" , keeping in mind that the group depends on the example. 

We compute that 

i*(a-^b-^gz) = a-%'^a%^dx^ + U*r]z)(x)} 
(9.6) 2 

= dx + r]z{x), 



where 



(9.7) 



f]z{x) = a % ^{L*r]z){x). 
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Note that rjz admits the expansion rjz = {rjz{x))ijdx'^dx^ with 

(9.8) {Vz{.x))ij = -^a%^Rikji{zo)x''x^ + (higher) 

as 6 — > and for x G AN{a~'^, 2a~^). 
Define a metric g^^l on Xa,b by 

a-%-^gz \z\ > 2b 

(9.9) g'^l = \dx'^ + 0(a|x|)r/7v(x) + [1 - (p{a\x\)]fiz{x) a'^ < \x\ < 2a-^ 



9n 



\x\ < a ^. 



The group action is hnear in the {x}-coordinates, and is contained in SO [4). Since 
the cutofi^ function is radial, it is clear that g^^l is invariant under the group action. 
On the damage zone A^i^a'^, 2a~^), we will also write the metric as 

(9.10) gfl=dx^ + r^, + r^^, 

where 

rii{x) = (i){a\x\)r]N{x) 
i]2{x) = [1 - (j){a\x\)]fiz{x). 

Notice that after scaling and identifying, we have 

(a%WR{gz)\oL) \x\>2a~^ 
(9.12) \Rm{L*{a-%-^g''z))\ = I 0{a%^) a'^ < \x\ < 2a-^ 

[O |x| < 2a-^ 

This implies that 

{0 |a;| > 2a-^ 
0{a%^) < \x\ < 2a-i 

< 2a-^. 

Consequently, 

{0 |x| > 2a-^ 

Oia^b^) + 0{a^) a-^<\x\<2a-^ 

\x\<2a-\ 

which is proved by using the expansion 

(9.15) B\g^'l) = B\g,) + (5*)' (r/i + r^,) + Q(r/i + r/^). 



where g^ = dx in the damage zone; see Remark 3.8 



This estimate will not suffice for our purposes, and in Section 10 we will construct 
a "better" approximate metric. 
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9.1. Gluing with one basepoint. To summarize, {Xa^b,9lil) defined in the fol- 
lowing cases: 



• (i) CP^T^CP^; the Fubini-Study metric with a Burns metric attached at one 
fixed point. This case admits a f/(2)-action. 

• (ii) X 52#CP^ = CP^#2CP^; the product metric on 5^ x with a Burns 
metric attached at one fixed point. Alternatively, we can view this as the 
Fubini-Study metric on CP^, with a Green's function S*^ x S*^ metric attached 
at one fixed point. For this topology, we will therefore construct two different 
critical metrics. 

• (iii) 2#S'^ X S'^; the product metric on S'^ x S'^ with a Green's function 5*^ x S'^ 
metric attached at one fixed point. 

All of these cases are invariant under the torus action, and invariant under the diag- 
onal symmetry. 

As mentioned in the introduction, the product metric on S"^ x 5*^ admits the Einstein 
quotient S'^ x S'^/Z2, where Z2 acts by the antipodal map on both factors, and the 
quotient MP^ x MP^. The diagonal symmetry clearly extends to these metrics. Using 
one of these metrics as the compact factor or the Green's function metric of one of 
these as the AF space, we obtain approximate metrics on the non-simply-connected 
topologies listed in Table |1.3[ Note that in this table, the first special value of to 



corresponds to the the first factor being the compact factor, and the second factor 
being the AF space, while the second value of to corresponds to the reverse. From 
this, the approximate metric is clear and we need not detail every case here. 

9.2. Gluing with multiple bubbles. We first consider the case when [Z,gz) is 
{S^ X 5*^,(752x52). We can glue on an AF space at both points {n,n) and (s,s), but 
we must take the same AF space for both points. In this case, we impose an additional 
sjTumetry. There is an orientation-preserving involution of S"^ x S"^ consisting of the 
product of antipodal maps. Since both AF spaces are the same, this involution 
obviously extends to an involution of Xa,b which is an isometry of g^^l, and which 
we will refer to as bilateral symmetry. As in the single bubble case, the toric action 
extends to an isometry of the approximate metric on the connect sum. We then have 
the following cases with toric invariance, diagonal symmetry, and bilateral symmetry: 

• (iv) 3^3"^ X 5*^; the product metric on S"^ x 5*^ with Green's function S*^ x 5*^ 
metrics attached at two fixed points. 

• (v) X ^2^2CP^ = CP2#3CP^; the product metric on x with Burns 
metrics attached at two fixed points. 

Next, we consider the case when (Z, gz) is (CP^, gps)- Imposing trilateral symmetry 



(see Figure 2.1), allows us to attach the same AF space at all 3 fixed points. We then 
have the following cases with toric invariance, diagonal symmetry at each fixed point, 
and trilateral symmetry: 

• (vi) CP^7^3CP^; the Fubini-Study metric with Burns metrics attached at all 
fixed points. 
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Vll 



^2^3(52 X s^) = 4CP2#3CP ; the Fubini-Study metric with Green's 
function S"^ x S"^ metrics attached at all fixed points. 

Next, we return to the case that {Z, gz) is {S"^ x 5"^, 5(52x52). Imposing quadrilateral 
symmetry (see Figure 2.2 ), allows us to attach the same AF space at all 4 fixed points. 



We then have the following cases with toric invariance, diagonal symmetry at each 
fixed point, and quadrilateral symmetry: 

• (viii) 52 X ^2^4CP^ = CP2#5CP^; the product metric on x 5^ with Burns 
metrics attached at all fixed points. 

• (ix) S^S^ X viewed as the product metric on S"^ x 5*^ with Greens function 

X metrics attached at all fixed points. 

For multiple bubbles in the non-orientable case, see Appendix [B} 

9.3. Weight function. For the weighted norms, we define the weight function on 

Xa,h by 



(9.16) 



w 



a 

a-^b 



U-ll 



\x\ 



\z\ > 1 
1 > kl > 26 
2a-^ > |x| > 1 
1 > \x\, 



where for simplicity we have assumed that the x and z coordinates contain the unit 
spheres. We record the inequalities 



(9.17) 



Kw < a~'b' 



10. Refined approximate metric 
Remark 10.1. We will now choose S < satisyfing — e < 5 < 0, where e was 



previously chosen (see Remark 7.6). 



As pointed out above, the approximate metric defined in (9.9) is insufficient for our 



purposes, and needs to be refined. To define the new approximate metric, we replace 
gN with g^^^ = gN + a'^b'^H2{x), so that 



(10.1) 



fl'o + Vn{x) + a b H2{x), \x\ < a 



By Proposition 7.2 for a, b sufficiently small 



|aV#2(x)|<aV|xp 
<b\ 

so that g^^ is indeed a Riemannian metric when |a;| < a^^. 

Next, replace the compact metric gz with (7^^^ = gz + a%'^H-2{z), so that 

(10.2) g^^^ =go + r,z{z) + a%''H_2{z), \z\>b. 
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By Proposition 7.5 



\a%^H_2{z)\<a%%-^ 
< 



hence g^^^ is a Riemannian metric for \z\ > b. 

Using these metrics, we then define the refined approximate metric g'^^'^l on Xa^b by 

n .(1) = j^'"b'"(9z + a%^H.,{z)) \z\ > 2b, 

^ ' \gN + a%^H2{x) \x\<a-\ 

while in the damage zone < \x\ < 2a^^ the metric is given by 

fi'i^b = + 4>{ci-\x\){i]n{x) + a%'^H2{x)] 

+ [1 - <P{a\x\)]i*{a-%-\r]z{z) + a%'' H ^^{z))] . 

it is clear that g^^l is invariant under 



.(1) 



(10.4) 



Remark 10.2. From Propositions 
the group action. 



7.2 



and 



7.5 



10.1. Damage zone estimate. We compute that 
(10.5) 

^{a-^-^^gz + a%'^H^2{z))] = l* {a^%-\6ij + ivz{z))ij + a%^H^2{z)ij)dz'dz^} 

= {riz{abx)ij + a^b'^H^2{cibx)ij)dx^dx^ . 
Consequently, in the damage zone, the metric is 

9al = ^^"^ + 0('^kl){'7Af(a;) + a%'^H2{x)] 

+ [1 — 4'{ci\x\)\{riz{cibx)ij + a%'^H-2{abx)ij)dx^dx^ . 
We next use the the expansions 

-a%''(\R,,,i{z,)x^x' + 0^'\\x\i 



(10.6) 



(10.7) 
(10.8) 



a%^H2ix)ij 



r^ziabx),, = -a%''^-R,u,i{zo)x^x' + a%''0^^\\x\') 



(10.9) 

and 
(10.10) 



a^b^H_2{abx)ij = a^b^ H_2{abx)ij + {ab)~^0{\x 



\x\ 



\x\ 



1 k I 1 

Vn{x),, = - i?,,^,(yo)^ + 2A—5,j + 0^'\\x\-'^^). 



\x\ 
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Using (10.7)-(10.10), we obtain in the damage zone: 

,1 



(10.11) 



(9, 



x\ 



\x 



2 "'J 



+ a%^0'~^\\x\') + a%^0^^\\x\^) + {ab'f-'0'~^\\x\-') + 0(^)(|x| 



Proposition 10.3. The size of the B^-tensor of the refined approximate metric in 
the damage zone is given by 



(10.12) 

as a, 6 — )• 0. 



Oib'a^") + 0(a^6^) + 0{a%'~') + 0(a' 



Proof. By (10.11), 



where 



,2t2 



(10.13) £ = aVO(^)(kn + a%^0^'^\\x\*) + {abf-'0'^^Wx\-') + 0'-^\\x\-^+') . 
Let 9 = gl^l — go; then using the expansion of the i?*-tensor in Proposition 

B\9^al) = B\go) + (Bine) + QoiO) 



3.8 



(10.14) 



(Bine) + Qo{e). 



By Lemma 7.3 and the fact that (Bq)' is fourth order, 

(Bine) = a'b\Bl)\H,) + {Bl)\H_,) + {Bl)\S) 

hence 

(10.15) B\g^^h = {Biy{S) + Qo{e). 



If we estimate the norm of B^{g^^l) in the fiat metric, then (10.12) follows from the 
formula for S and the result of Proposition 3.8 However, by ( 10. 11 ) it is clear that the 
same estimate holds if we use the norm with respect to g^^l, since for any symmetric 
(0, 2)-tensor T = Tij 



\T\ia^ = {9'a],y'{9l^ly%n, 



9a,b 



(10.16) 



{5,k + 0(a2 + b^)}{5,, + 0{a^ + 6')H%Th 
{l + 0{a' + b''))\T\l 



□ 



Next, on the asymptotically flat piece we have 
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Proposition 10.4. On {\x\ < a^^} C A^, the B^-tensor satisfies 

(10.17) B\gi'}) = a%''\kf'^ - a'h'^lCgJ.^lC.Jg^H^ + 0(a^6^) 
and 

(10.18) = a^h'^Xkf^ + a%''0{\xY-^) + 0{a% 
as a,b and \x\ oo. 



Proof. The proof proceeds along the same hnes as the proof of Proposition 10.3 On 
{\x\ < a~^} G N we have 



(10.19) 



£1 = 9N + a'b'H,. 



Let 6 = g^l — Qn = a^b^H2. Using the expansion of the i?*-tensor again, 



= {BlJ9+Q^{9), 



(10.20) 



since (^tv is -B*-flat. From the formula for the linearized operator 5* in (3.11) and 
Proposition |7.2| it follows that 



(10.21) 



o 

= a%'^S{H2) - a^b^)Cg^6g^}Cgj^6g^H2 

o 

= a'^b^Xkf^ - a%'^K,gj^5gj^lCg^5gj^H2. 



Substituting this into (10.20) gives 



(10.22) 



'b^Xkf^ - a^'}CgJg^}CgJ,^H2 + Qn{0). 



By part (i) of Proposition 3.7 
(10.23) 



\QNia'b'H2 



\9n 



0(a% 



and from our observations above the sar ne esti mate holds if we estimate with respec t 
to the norm induced by g^l- Therefore, ( 10.17) follows from this estimate and ( 10.22 ). 

To estimate the gauge-fixing term in (10.22), we first observe that ^gjv^siv^siv 
S'^{T*N) T*N is a. third order differential operator, while 



N 



+ T{gr,)d^ + [dVigN] + Tig^^jd + [d'Vigr,) + r((?^)9r(^7;v)], 



where Vat denotes the covariant derivative and T{gj^) the Christoffel symbols in the 
(yfAT-metric. Since 

H2 = H2 + 0'^'\\xn, 
T^ = 0('\\x\-% 
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it follows that 



a h lCgJg^lCgJg^H2 = ab 0{\x 



|e-4\ 



and combining this with (10.23) and (10.22) we obtain (10.18). 

Next, on the compact piece, we have 
Proposition 10.5. On {\z\ > 2b} C Z, we have 
(10.24) 

as a, b, \z\ — > 0. 

Proof. Recall the metric defined in (10.2): 



□ 



9? 



9o + Vziz) + a'b'H.2iz), kl > 26, 



so that on the compact piece {\z\ > 26} fl Z the refined approximate metric g^^l is 
just a rescaling of g^^: 

(10.25) ,2 = <^-'b-'9^z^- 

We can then essentially repeat the arguments of the preceding propositions and write 
g^^^ = gz + 0, where 6 = a'^b^H-2, then expand -B*: 



(10.26) 



5*(^«) = B\gz) + {B'z)\d) + Qz{e) 

= {B%)'{e) + Qz{e), 



where as usual the subscript Z indicates that the tensor is with respect to the metric 
9z- 

We first estimate the term involving the linearization of S*, by comparing {B^^y{9) 
and (-Bq)'(^), i.e., the linearized operator with respect to the fiat metric acting on 9. 
Recall from Lemma 7^ and Proposition |7.5| that 

{Bl)\e) = a%\Bl,)\H^2) 



(10.27) 



^%\Bl,)'{H_2 + 0{\zr)) 



a^b^Oilzl 



Clearly, for any metric g the operators (-B*)' and S have the same general form, as 
given in (7.6): 

(B^ye = (g-^ + g* g-^) * V^O + g * g'^ * Rm * V^O + g * g'^ * VRm * VO 
(10.28) , ./ o 

+ {9 +9* 9' ) * {V^Rm + Rm * Rm) * 9. 

Using this, we can estimate the difference 
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We will need the following estimates, which follow from (3.35), (9.1), and (9.2): 

gz-go = 0{b^), 

(10 29) 

^ ■ ^ V^T- V[rr = 0(6)* Vjr~^T + 0(l)*{V™-2T + --- + T}. 



Then by ( |10.28D , 
(10.30) 



Combining with (10.27), we obtain 

(10.31) \iB',yie)\o = a%'oi\zr-% 

It is easy to see that the same estimate holds if we estimate with respect to the norm 
induced by g^^^ . 



For the remainder term Q in (10.26) we use Proposition 3.8 to show 

(10.32) \Qz{9)\,, = a%'0{\zr'), 

with the same estimate in the g^p-methc. Combining (10.31) and (10.32) gives 

(10.33) \B\gP^ 
Since \z\ > b, this implies 



\B\g',")\n, = a'b'0{\zr-') + aVO(|z|-^). 



(10.34) 



mg'^P)\^,.,=a'b'0{\zr-'). 



By the scaling properties of the i?*-tensor. 



B\9il) = B\a-%-^gP] 
= a%'B\gf). 



Using (10.34) and (10.25) we conclude 



\a%'B\gP)\^,., 
a'b'\a%'B\gP)\a, 
a'b'\B\gP)\^a, 
a%''0{\z\-'-^). 



□ 



Finally, we have 

Proposition 10.6. Choosing a = b, we have 

(10.35) l|i?*(^7S)-a^AA:i°) 
as a — )■ 0. 



0(a^+^-^) 
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Proof. We begin estimating the leading term in the C^^^-norm. On the damage zone 
= 0, so by jlO.ul 



(10.36) 



w 



0(a 



4:+5-e\ 



By ( |10.18[ ), on the AF piece 



(10.37) 



a^O{\x\'-') + a''0{\x\^~^). 



Recall from Remark 10.1 that — e < 5 < 0; hence e — S > and 



(10.38) 



w 



On the compact piece, by (10.24) 

w^-'\B\gi'l) - a^AA;f )| = a'''-^0{\z\^-'){a'''Oi\z\-^-^)} 



(10.39) 



a2^+^0(|z| 

A+5-e\ 



0{a' 



since \z\ > 2a and — e < 5 < (see Remark 10.1). 

For estimating the Holder pa rt of the weighted norm, one must use the formula 
(3.52) in the proof of Proposition 3.7 For example, the term with h*V^h is estimated 
hke 



w'-\xo) 



\{h*V^h){xi) - {h*V^h){x2) 



\d{xi,X2)\' 



(10.40) 



< w-\xo)\hix,)\ ■ w^-\xo) 



\V^h{xi) - V^h{x2)\ 



_5 |/l(xi) - h{x2 )\ 4„5,^ ,1^4 

-j- W [Xq) — — 

|c/(Xi,X2)|" 



(i(xi,X2)" 
W'~\X0)\V%{X2)\, 



and all other terms are estimated similarly, the complete computation is lengthy but 
straightforward, so is omitted. □ 

10.2. The approximate cokernel. In this subsection, we define tensors 01,02,03 



and ki,k2, k^ which will be crucial in the Lyapunov-Schmidt reduction in Section 11 



Remark 10.7. It is clear that all of the tensors in this section may be chosen to be 
invariant under the group action, so we will do this automatically without mention 
in every case. 

Recall from Section [5] we denoted the cokernel of the asymptotically fiat manifold 
{N,gN) by oi, and it is given by 



(10.41) 



oi = JCui + fgN- 
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In Section [t] we defined a compactly supported symmetric (0, 2)-tensor k'f ^ G Cs_4 
which satisfies 



(10.42) 
(10.43) 



\k?^\\cs.,<Cu 



(A;f\oi) (0) dV 



(0) 



where Ci is independent of a, b. Note that the quantities in (10.42) and (10.43) are all 
computed with respect to the "naive" approximate metric g^^^ defined in Section [oj 
Since from now on we will be working in the refined approximate metric q^^^ d efined 
in Section lo| we will need to slightly rescale k^^ so that (10.42) and (10.43) hold 
with respect to g^^\ To this end, define 



(10.44) 



ki 



(fcf^oi) (1) dV (i) \ k"^'. 



-1 



.(0) 



Then by ([1043]) and (\10A^ , 
(10.45) 

Claim 10.8. We have 

(10.46) 



{ki,Oi) w dV(i) 



1. 



kf^ = (l + 0(62))A;i. 



Proof. By (10.3), on the support of k^^'' we have 
(10.47) 



9 = 9 



(1) 



9N + 0{h^) 
= g^'^ + 0(6^) 
hence the volume forms satisfy 
(10.48) dVgW = {l + 0{b'))dV^ 

Therefore, 
(10.49) 



(0). 



[m-' + 0{h')]{[g^y' + 0{b')}[k^X[oiU (1 + 0{b'))dV^ 



(0) 



{k?\o^).,o, dV„io, + 0{b'') 



1 + 0(6^). 



Substituting this into (10.44) gives (10.46). 



□ 



Remark 10.9. From now on, all metric-dependent quantities will be with respect to 
g = g^^\ To simplify the notation, we will suppress the superscript. 



CRITICAL METRICS 



67 



Let 03 denote the cokernel element on the compact manifold {Z,gz) given by scaling 
of the metric: 



[10.50) 



03 



{ab) 



-2+5 



9z- 



(The reason for the scale factor will become apparent in a moment). Fix a smooth 
positive cut-off function 03 supported in Z \ {zq} with 



(10.51) 



\9z\' dV = 1, 



where we again emphasize that the volume form and inner product are with respect 
to g = g^^\ Define 

(10.52) h = {ahf-'(t)^gz. 

We claim that there is a constant C2 such that 



(10.53) 



■iWCs- 



To see this, first recall that by (10.3), (10.3), on the support of 03 we have 



,,-yab)-^[{gz)^J+0{b'' 
[g^'^Y^ = {abf[{gzf + 0{h''' 
Also, on the support of 03 the weight w{x) ~ (a6)^^. It follows that 
sup |A;3|g{i)w'^"'' = C2(a6)^~'^sup |03||5fz|g(i)W^"'^ 

= C2(a6)2-^sup |03|{[^7(')]^1^?('^F(^7z).,(^7z)h}'^V-^ 
= C2{ahf~' sup { 103 1 { {ahf {{gzT + 0{\? 

This estimate cl arifies the choice of scaling in the definitions of and 03: the scale 
factor {ahf-^ in ( |10.52| ) is necessary to get the bound ( |l0.53[ ), while the factor {ah) 
in the definition of 03 was chosen to give the normalization 

(A;3,03) dV-- 



(10.54) 



{{ahf-'<P^gz,{ah)-^+'gz) dV 
Hgz? dV = 1. 



(1) 



Next, denote 

(10.55) 02 = g = g 

We claim that there is a tensor ^2, compactly supported in N , which satisfies the 
normalization 



(10.56) 



02) dV 



tTqk2 dV = 1 
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and the orthogonality condition 



(10.57) 



(A;2,oi) dV = 0. 



(Note that the integral in (10.57) makes sense, since k2 is compactly supported in N, 



even though oi is not globally defined.) 

To see that such a tensor exists, just take two smooth, positive cut-off functions 
rji, rj2 with compact support in and let 

k2 = {ciVi + C2ri2)o2 = (cii^i + C2r]2)9, 
where ci and C2 are constants to be determined. Then 



(10.58) 



J (/c2,oi) dV = ci J r]i{tTgOi) dV + C2 j mitigOi) dV, 
j {k2, 02) dV = 4ci j riidV + 4c2 j m dV. 



By (10.47), on the support of k2 

g = g^'^=gN + 0{b'). 



Therefore, 



tr.oi = [^7(^f"(oi)H 

= [g^ + Oib')r[ICco, + fg 
= 4f + 0{b'). 



N\M 



Therefore, we can estimate the integrals in (10.58) by 



(10.59) 



j{k2,oi) dV = c^[A j 7]J dV + 0{b^)}+C2{A J 7]2f dV + 0{b^)y 



{k2, 02) dV = ci{4:j rii dV^ + 02^4: j V2 dVy 
Consequently, once a, b are small enough it is possible to choose the cut-off functions 



r]i,r]2 and the constants Ci,C2 so that (10.56) and (10.57) hold. 



11. Lyapunov- Schmidt reduction 

In this section, we perform the main reduction of the problem from an infinite- 
dimensional problem to a finite-dimensional problem. 

Remark 11.1. Since we are carrying out an equivariant gluing construction, from 
now on all operators are understood to act on sections of the relevant bundle which 
are invariant under the group actions described above. 
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11.1. The modified nonlinear map. Let 

(11.1) V=[he Ct'''{Xa,b) : j {h, h) = 0, j {h, h)=0]. 

Define the mapping H^' -.RxRxV ^ Cs'_"^{Xa,b) by 
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(11.2) 



H\X,,X2,e) = P.w{9)-\ih-\2h 



Let (if*)' -.RxRxV ^ C^'^^ denote the linearization of H at (0, 0, 0): 



d 



as 



(11.3) 

Then (i/*)' is given by 

(11.4) {H')\X,, X2, h) = S{h) - X,h - X2k2, 

where S = is the linearization of P at g^^\ 

Proposition 11.2. For a, b sufficiently small, the map (H^)' : R xR x V ^ C[ 

uniformly injective: i.e., there is a constant > which is independent of a,b such 
that 



0,a 
<5-4 



IS 



(11.5) 



[Hy{X^A2,h)\\c^_^ > 5o(|Ai| + IA2I + \\h\U.). 



Proof. We argue via contradiction: if (11.5) does not hold, then there is a sequence 
{X\,Xi,hi) e V with 



(11.6) 



\X\\ + |A*2| + \\h. 



iwct 



1 Vi, 



If we pair Cj with 7701 and integrate, where rj is a cut-off function with 

(11.7) ri{x) 
then 

(11.8) J (e^r^oi) dV = J^{Sh,,7]o,) dV - X\ / {h,r]Oi) dV - X^j {k2,voi) dV. 





\x\ 


1° 


\x\ 



Since rj = 1 on the support of ki and k2, by the normalization (10.42) and the 
orthogonality condition (10.57) we can rewrite this as 

(11.9) 



Al = - y (e.,r/oi) dV + J {Shi,r]o,) dV. 

For the first term on the right-hand side, note that 
(11.10) IhWcf''^ > sup{|ei|w^-''}, 

where w is the weight function. According to ( |9.16[ ), on the support of r] the weight 
function is w{x) = \x\ (for \x\ large). Also, by Theorem 6.1 the cokernel Oi satisfies 

|oi| < C\x\-^ 



{ei,T]Oi) dV\ < / |ei||?70i| dV 
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Therefore, 
(11.11) 
as 2 — )■ oo. 

For the second term on the right-hand side of (11.9) we integrate by parts, using 
the fact that S is self-adjoint: 



< Clle 



l«|x|<a-V2 



C k» \ \r^O,a — )■ 



fll.121 



{Shi,r]Oi) dV = {hi,S{r]Oi)) dV. 



Using the formula for S" in (7.6) and the Leibniz rule, write 
(11.13) 

S{r]Oi) = {g-^ + g* g-^) * V^(r/Oi) + g * g-^ * Rm * V^{r]Oi) 

+ 9* 9^^ * VRm * V{rjOi) + {g^'^ + g * g^^) * {V'^Rm + Rm * Rm) * (r/oi 

4 

= r]Soi + {g'"^ + g* g~^) * ^ V^^-'oi * V^r/ 

2 

+ g * g~^ * Rm * V^'-'oi * V-'r/ + g * g~^ * VRm * oi* V77. 

i>i 



By (5.45) and Theorem 6.1, on the support of |V?7| 

iV'^oil = 0(0"^+') 

IV'"//! = 0(0"^), 

\V"'Rm\ = 0(0"^+^) 



Therefore, from (11.13) we have 

(11.14) S{riOi) = riSoi + {Error}, 

where the error is supported on {a^^/A < \x\ < and satisfies 

(11.15) I {Error} I = O(a^). 



It follows from ( |11.12[ ) 

(11.16) j {SK7]0i) dV = J {hi,riS{oi)) dV + j {hi, {Error}) dV. 

Since ||/ij||^4,Q < 1, 



(11.17) 



\hA< Cw^ 
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hence on the support of Error 

rii.18) 



\hA< Ca-\ 



hence by (11.15 ) 
(11.19) 

Therefore, 
(11.20) 



{a"V4<|a:|<a"V2} 



{hi, {Error}) dV 



< Co"-'. 



{Shi, r]Oi) dV = I {hi, r]Soi) dV + 0{a^-^) 



Let denote the hnearized operator with respect to the metric gjy. Then S^Oi 
0, hence 



fll.21) 



Soi = {S — Sn)oi + Sj^oi 
= {S - Sn)oi. 



Using (7.6) with (10.47), we can estimate 
(11.22) 

lis - Sn)oi\ < 6^1 Wl + b^a\\/^Oi\ + a^b^\\/^oi\ + a^b^\\/oi\ 

+ aV|oi| + b^\Rm\\V^oi\ + b'^\VRm\\Voi\ +b'^{\V^Rm\ + \Rm\'^)\oi\ 



Therefore, by (11.18), 



(11.23) 



{hi, rjSoi) dV 



{hi,r]{S - Sn)oi) dV 
<C j w^\{S-Sn)oi\ dV 



< CVa 



2 2-5 



Combining the above, we conclude 



(11.24) 



{Shi,T]Oi) dV = 0{a 



2-S\ 



hence by (11.9), 

(11.25) X\^0 as i ^ oo. 
Next, pair with 7702 and integrate: 

(11.26) j {ti, r/02) dy = j {Shi, V02) dV - \\ j {h,ri02) dV - j {h, r/02) dV. 



By the normahzation (|10.56|), we can rewrite this as 
(11.27) = - 



(ei,r/02) dV+ / {Shi,'qo2) dV - \\ / (^1,7/02) dV 
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As in (11.11), we can estimate the first integral on the right as 
{ei,r]02) dV\ < / |ei||r702| dV 



:il.28l 



< CWe 



\x 



|<5-4 



dV 



l<|x'|<a-l/2 



< C^lle-jlLcQ (since 6 < 0), 



which hmits to as i — )■ oo. The second term on the right we estimate as we did 
above; namely, 



^11.29) 



{Shi,r]02) dV = {hi,S{r]02)) dV. 



Using the fact that V02 = 0, we can estimate as in (11.13): 
S{rj02) = {g'"^ + 9 * g~^) * ^^(7702) + g* * Rm * V^(?702) 

+ g * g^^ * V Rm * V(?702) + {g^'^ + g * g^^) * (V'^Rm + Rm * Rm) * {ri02) 
= r]So2 + (g^^ + g * g^^) * V^?7 * 02 + g * g '^ * Rm * V'^ri * 02 
+ g * g~^ * VRm * 02* Vrj. 
Since 5*02 = Sg = 

S{r]02) = r]So2 + {Error}, 
= {Error}, 

where the error is supported on {a~^/4 < |x| < a~^/2} and satisfies 
(11.31) I {Error} I = O(a^). 



(11.30) 



Using (|11.18|), we can therefore estimate 

{hi, {Error}) dV 



{a-V4<|a:|<a-l/2} 



Hence, 
(11.32) 



{Shi,ri02) dV = 0{a 



For the last term in (11.27), we use the fact that A*^ — ?■ 0, and that ki is compactly 
supported: 

Ai [ {h,ri02) dV < \\\\ 1 7]\k^\\02\ dV 



<C\X[\ / dV 

J suppjfci} 

< C|Ai| 0, 



as 2 — )■ 0. Combining with (11.32), (11.28), and (11.27), we see that 
(11.33) 



A^^O 
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as z — > oo. 



Consequently, by (11.6) we now know 



^11.34) \\hi\\c^,c, 1 



s 



(11.35) Il^/Zill^o,. ^ 0, 



as z — )■ oo. 

The remainder of the proof is a standard "blow-up" argument, which we only 
briefly outline. Let (oi, 6j) be a sequence of gluing parameters with (a^, bi) — )• (0, 0) 



as 2 — )■ oo, and let pi G Xa^^b^ a sequence of points at which the supremum in (11.34) 
is attained. We have the three possibilities: 

• (1) Pi — J- p G A^. In this case, standard elliptic estimates produce a nontrivial 
solution of the limiting equation Shoo = on {N,gN) with h G C^'". By 



Theorem 5.1, hoc = c - 0\ for some c G M. Since 



(11.36) y (/i„fci)dV(„,,fe^) = 0, 



k\ has compact support on A^, and hi < Cw^, the integrand is bounded. 
Therefore, 



:il.37) J {hoo,h)dVg^ = 0, 

which implies that c = 0, a contradiction. 



• (2) Pi ^ p E Z \ {zq}. In this case, define hi = (ab)^ h^. It is easy to see 
that this scaling preserves the Q'" norm, with respect to the metric gH = 
{(^^Ydtb- Standard elliptic estimates produce a nontrivial solution of the 
limiting equation Sh^o = on {Z,gz) with h G C^'". By Theorem 4.1 
^oo = c ■ gz for some c G M. Since 

(11.38) J {h,,h)dV^aM = ^^ 
scaling shows that 

(11.39) j {hi, h9z)gdVg = {abf -0 = 0. 

Since 03 has compact support on Z \ {zq}, and hi < Cw^ = C{abwY, the 
integrand is bounded, which implies that 

(11.40) J {h^,h)dVg,=0, 

which implies that c = 0, a contradiction. 

• (3) If neither of the above cases happen, then there are two possibilities: a 
subsequence can approach the damage zone from the AF side, or from the 
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compact side. We give the argument in the former case, the proof of the 
latter case is similar. Fix a point O E N and let 

di = dist (1) {0,pi). 

Clearly, (ij — )■ oo as i — )■ oo (otherwise we are in case (1) above). For i » 1 
we can view the sequence {pi} C Ni = N (1 Ai, where Ai is the annulus 

{-Ro < \x\ < 2a^^} and Ni is equipped with the metric gi = g'^^^h- Let 
ipi : Ai ^ N denote dilation, 

and define 
(11-41) ~gi = dfi^:gi 

{midi<\x\<Midi\ 

where mj — )• and Mj — >■ oo are chosen so that the annulus {rriidi < |x| < 
Midi} C Ni. Denote the dilated coordinates by x*; then c/i is defined on the 
annulus {rrii < \x^\ < Mi}. Finally, define 

hi = dr'^'tp*hi, 

which preserves the Q'' '-norm. Taking the limit as i — > oo we have gi — )■ ds , 
the fiat metric on M*^ \ {0}, hi — )■ h^o, where h^o satisfies 

Soh^ =0 on \ {0}, 

(11-42) 4 . 

h^eCt'^-iR^MO}), 



and 5*0 is the linearized operator with respect to the fiat metric (see (3.13)). 
Note the weight function in the limit is gi ven hj w = \x\. Since —1 < 6 < 0, 6 
is not an indicial root by Proposition 4.4 This implies that 5*0 : C^'" — )■ C^^^ 

JTso hoo = 0, which is a contradiction. 



is an isomorphism (see |Bar86l ILM85 



This contradiction argument finishes the proof of Proposition 11.2 □ 

We next quote without proof the following standard implicit function theorem: 

Lemma 11.3. Let H : E ^ F be a smooth map between Banach spaces. Define 
Q = H — H{0) — H'{0). Assume that there are positive constants Ci,so,C2 so that 
the following are satisfied: 

• (1) The nonlinear term Q satisfies 

(11.43) \\Q{x) - Q{y)y < C,{\\x\\e + lblU)l|x - yh 

for every x,y e 5^(0, Sq). 

• (2) The linearized operator at 0, H'{0) : E ^ F is an isomorphism with 
inverse bounded by C2. 

// 

(11.44) s < min (sq 
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and 
(11.45) 



I^(0)||f< 



2C, 



Then there is a unique solution x G Be{0, s) of the equation H{x) = 0. 

We end this section with the following existence theorem: 

Theorem 11.4. Let a = b. Then for all a sufficiently small, there exist constants 
Ai, A2 G M and 6 eV satisyfying 



(11.46) 
so that 
(11.47) 



9\\r<^,c, < Ca 



4+(5- 



g!i \ or by g if the context 



Proof. We denote the refined approximate metric by g^^^ 
is clear. 

We will find a zero of H, so we need to verify the assumptions in Lemma 11.3 with 
E = RxRxVandF = Cg''^, beginning with (1): 



Lemma 11.5. The quadratic estimate (11.43) holds for H : 



0,a 



Proof. This follows from Proposition 3.7 once we verify the assumptions (3.29) (the 
assumptions (3.28) clearly hold). We need to verify the estimate on each of the 
three regions: the asymptotically flat piece, the damage zone, and the compact piece. 
Recall that the weight is given by (9.16). 

On the asymptotically flat piece, i.e., for |x| < a~^, 

g^'^ =gr, + a''H2. 

Let hi = g^^'' — gN = (^^H2, then using the formula (3.36) we have 



By Proposition 7.2 and the fact that (^tv is asymptotically flat of order 2, 



(11.48) 

Since w{x) 
(11.49) 



Rrugw = 0{\x\-^) + O(a^) + 0{a^\x\^) 
= 0{\x\-^) + 0{a^). 
\x\ for |x| >> 1, it follows that 

w{xY\Rm (1) I < Cq. 



Similarly, using (3.37) 

(11.50) VgwRm m = 0{\x\-^) + 0{a^\x\-^) + 0{a^\x\'-^) + 0{a^\x\) + 0{a^^\x 



hence 
(11.51) 



w{xf\V wRm (i) \ < Ci. 
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Finally, (jS.SSD 

(11.52) 

Therefore, 
(11.53) 



= 0(|a;|-^) + 0(a>r^) + O(aVr') + 0(a>r^+^) 
+ 0(aV|^-') + 0(aV|2^-^) + 0(a^Vn + 0(a^V|^). 



w{xy\Vl^i)Rm < C2. 



The estimates for the other regions are verified in a similar manner, so we omit the 
details. □ 



It remains to show that 
(11.54) 



H' : 



0,a 
<5-4 



is an isomorphism with bounded inverse. This will follow once we prove surjectivity; 



the bound on the inverse will then follow immediately from Proposition 11.2 
In the following, let us view H' as a map 



(11.55) 



H' : 



X a 



4, a 



0,a 
-5-4 



Then the formal adjoint of H' maps from 

(11.56) {H' 
and is given by 

(11.57) (H'Tih) = ( / {h,ki)dV, I {h,k2)dV,Sh 



since S is self-adjoint (the duals of Holder spaces are not Holder spaces, but this 
slight abuse of notation should not cause confusion). We claim that for a sufficiently 
small, Ker{{H')*) = 0. To see this argue by contradiction: let hi be a sequence of 
kernel elements corresponding to a sequence — )■ as i — )■ 00. Normalize hi so that 
1. We then have a sequence hi satisfying 



(11.58) 
(11.59) 



Shi = 0, 



{h, ki)dV 
\\hi 



0, 



1. 



{h, k2)dV = 0, 



The limiting argument in the proof of Proposition |11.2| is then modified as follows. 
Let Pi be a sequence of points in Xa^^bi for a sequence Oj — )■ as z — )■ 00 at which the 
supremum in the norm (11.59) is attained. We have the three possibilities. 



(1) Pi — 7- p G A^. In this case, standard elliptic estimates produce a nontrivial 
solution of the limiting equation Sh^o = on {N^g^) with h G C^'^. By 
Theorem |5.1[ hoo = Ci ■ Oi + C2gN for some Ci, C2 G M. Since 



(11.60) 



{hi, ki)dV n) 



0, 



{hi, k2)dV (1) 



0, 
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and ki, ^2 both have compact support on N, and hi < Cw ^, the integrand is 
bounded, which imphes that 



:il.61) J (/loo, ki)dVg^ = 0, J {h^, k2)dVg^ = 0, 

which imphes that ci = C2 = 0, a contradiction. 



(2) Pi ^ p E Z \ {zq}. In this case, defined hi = {aiY^'^^hi. It is easy 



to see that this scaling preserves the C^'" norm, with respect to the metric 
Qa^^ = ci^goi^ ■ Standard elliptic estimates produce a nontrivial solution of the 

/ioo = 



4.1 



limiting equation Sh^o = on {Z, gz) with h e Cj^. By Theorem 
which is a contradiction. 
• (3) If neither of the above cases happen, then as above one can rescale both 
the metric and hi to find a solution h^o € C^'^ of the equation Sh^o = on 
\ {0} with weight function w = r. Since 0<— (5<l,(5is not an indicial 
root so S : Cg'°' — )• Cg'^^ is an isomorphism, therefore h^o = 0. 

This contradiction proves that Ker{{H')*) = {0}, and by standard Fredholm Theory, 
we conclude that 



is surjective. 



Claim 11.6. For a sufficiently small, the dimension of the kernel of H' : R x R x 
C^'" — > C°^4 is at least 2. 

Proof. To see this, we claim that ki and ^2 are not in the image of 5*. If, for example 
Shi = ki, then a limiting argument as above would produce a solution of S{hoo) = ki 
on [NjQn), which is a contradiction. Similarly, if Shi = k2, the same argument yields 
a contradiction. We have found 2 linearly independent elements not in the image of 
S; by Fredholm theory the cokernel of S must be at least two-dimensional. Since S 
is a self-adjoint operator, we must have dim{Ker{S)) > 2. Obviously {0} x {0} x 
Ker{S) C Ker{H'), so the claim follows. □ 

To finish, by standard L^-decomposition 

(11.62) L2nC5'" = span{fci,fc3}©P, 

where V = Cf" fl (spanj/ci, k^})-^ . Let hi,h2, . . . hj be a basis for Ker{H'), where 
j = dim{Ker{H')). Then we can write 

(11.63) hi = Ciiki + Ci2k3 + rUi, 

where rrii G V. If j > 2, then obviously we can take a nontrivial linear combination 
to obtain 



:il.64) 5Zc,/i, = 5^ 



ami 
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for some constants Cj. The left hand side is in the kernel of H\ but Proposition 11.2 



shows that the left hand side cannot be, which is a contradiction. Consequently, from 
Claim 11.6 we conclude that (\\m.{Ker{H')) = 2. So we have the equations 

(11.65) hi = ciiki + Ci2h + rrii 

(11.66) h2 = C2iki + C22h + 'm'2- 

The matrix of coefficients must be an invertible 2x2 matrix, since otherwise we could 
again find a nontrivial solution of (11.64). Consequently, we can solve 

(11.67) ki = Ciihi + + 'fn'i 

(11.68) k^ = C2ihi + €22/^2 + "^2- 



which, together with (11.62), proves the vector space decomposition 

(11.69) n Cf'' = Ker{H') © V. 

Clearly, this proves that if' : M x M x D — )• C°^4 is also surjective. 



Finally, the estimate on the size of 6 follows from Proposition 10.6 
||i7(0,0,0)|| 0,. = ||P(0)|| 0,. = \\B\gl^; 



(11.70) 



S-4 



□ 



12. Completion of proofs 



The following result immediately implies Theorem 1.1 



Theorem 12.1. Let a = b and 6 ^ V be the unique solution of (11. 41): 

Pgw{0) = Ai/ci + A2/C2. 

Then 
(12.1) 

as a — )■ 0, where 
(12.2) 

Proof. Let 6* G P be a solution of ( |11.47D : 

P3a)(^) = Aifci + A2fc2. 



A = {::W{yo) ® W{zo) + AtR{zo)mass{gN)]uj3- 



Pairing both sides with 7701, where rj is given in (11.7), and integrating (all with 



respect to the metric g = g^^) gives 



{P{9),r]Oi)dV = Xi {ki,7]Oi)dV + X2 {k2,r]0i)dV. 



(12.3) 

The last integral is identically zero by ( 10.57[ ), and by (10.43), we obtain 



(12.4) 



Ai 



{P{9),r]Oi)dV. 
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Using Proposition 3.7 we expand P{6) as 

p{e) = p{o) + s{e) + Q{e) 

= B\g^^^) + S{d) + Q{d). 



Substituting this into (12.4), 

(12.5) Ai = / (5*((7(i)),r/oi)rfy + / {S{e),r^o^)dV + / {Q{e),r,oi)dV. 



Using (11.24) (replacing hi with 6 in that computation), we estimate 
(12.6) j {S{e),7]Oi)dV = 0{a^~^)0{a^+^-') = 0(a^-^) 



as a — )■ 0. The estimate (11.46) imphes the pointwise estimates: 
(12.7) IV^^I < Ca^+'^-V"'", 



for < m < 4. Using Proposition 3.7, the nonhnear term in (12.5) is then estimated 

(12.8) j {Qie),voi)dV = 0(a«+25-2e)^ 
We conclude 

(12.9) Ai = y {B\g^'^), rjo,)dV + 0(0^-), 
as a — )■ 0. 



Notice that from ([10.121) 
(12.10) 



/ {B\g'^'^),Vo,)dV = 0{a'-^), 
Jdz 



so we can rewrite (12.9|) as 
(12.11) 



Ai= / (i?*(^«),770i)dV + 0(a^-^), 

B 



as a — )■ 0, where B is the same as in (8.6). 



On B C N, 1] = 1, and from Proposition 10.4 we have 

{B\g^'^), 01) dV= [ (a^Afcf - a'lCgJg^}CgJg^H2 + 0{a'), 0i)dV 



B 



B 



fl2.12l 



a^A / {kf\oi) dV -a^ j {ICg^6g^}Cg^6g^H2,Oi) dV 
Jb Jb 

+ [ (0(a«),oi) dV. 
Jb 
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By Claim 10.8, the first integral in (12.12) is 

a^A [ {kf\oi) dV = a^X [ {{l + Oia^))h,oi)dV 
Jb Jb 

(12.13) 



a^A j {ki,oi) dV + 0{a^) 
a^X + 0{a^). 



To estimate the second integral in (12.12), we use the fact that on B C N, 

g = g]Sf + O(a^). 

In particular, for tensors Ti,T2 we have 

{T,,T2) = {l + Oia')){n,T2) 
dV= {l + 0{a^))dVg^. 

Therefore, 



B 



(12.14) 



-a / {K,g^6g^lCg^6g^H2,Ol)g^ dVg 



9n 



B 



+ 0(a) / \lCgJg^lCgJg^H2\gJOl\^^dVg^. 



For the second integral above on the right-hand side of (12.14), we note that 



9n 



0{\x 



e-4\ 



see the proof of Proposition 10.4 Also, by Theorem |6.1 , oi decays quadratically, 
hence 



\^9N^9N^9N^gNH2\gJ\Oi\g^ dVg^ = 0(1). 



B 



For the first integral on the right in (12.14) we recall from Theorems 5.1 and 6.1 
that the trace-free part of Oi is given by 



(12.15) 

as |x| — 7- oo. Moreover, 
(12.16) 



]Cg,u;, = lw.M'^ + 0{\xr+^) 

= o{\xn 



n.g^wi = (5„^/c„^wi = 0. 
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B 



[I2.n) 



o 

o 

/ {^9N^9N^9NH2,SgN^9N^l)9N ^Vg^ 

Jb 

-2a* i }Cg^ui{N,6g^}CgJg^H2) dS 

JdB 

-2a* (b lCgj^uJi[N,5gj^lCgj^5g^H2) dS. 

JdB 



Using (12.15), the integrand of the boundary integral above is 

\lCg,UJ,{N,5g,lCgJg,k)\ = 0(|x|-2) ■ Odxl^^) = Odxl^^), 



and it follows that the boundary integral in (12.17) is of the order 



-2a* (p fCgj^uJi {N, 6g^lCg^6g^H2) dS = 0{a 



6~e\ 



dB 



Consequently, 
(12.18) 



—a 



{}CgJg^)CgJg^H2,Ol) dV = O 



B 



We can also use the fact that Oi decays quadratically to estimate the last term in 



( |12.12[ ) as 
(12.19) 



(0(a«),Oi) dV = Oia^). 



B 



Combining ( [l2l2| ), ( [I2l3| , ( fl2l8| , and ( [I2l9| we obtain 



(12.20) 



[ {B\g^^^),riOi)dV = + 0{a^ 
Jb 



Proposition 8.1 then completes the proof. 



□ 



Proof of Theorem L2. From Theorem 12.1 it is clear that for a sufficiently small, 
there are two possibilities. The first is that the remainder term in (12.1) is identically 
zero for all a sufficiently small. Choosing to as in (1.20), we have that Ai = 0. The 
second possibility is that the remainder term in (12.1) is not zero. In this case, by 
an application of the intermediate value theorem, we may perturb t slightly to again 
conclude that Ai = 0. We now have a solution of the equation 



(12.21) 
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Recalling the definition of P, this is 

(12.22) B\g^''> + 6) + JC^a^+eSgwICgwSg.J = AaA^a- 

With respect to the metric g^^^ + 9, the trace of the left hand side of this equation 
has mean value zero, so we have 



;i2.23) 



= A2 / trg(i)^gk2dV^(i 



Since ^2 has compact support in the region where the weight function is bounded, 
expanding the trace and volume element and using (12.7), we have 

(12.24) = 



j tr^whdVgW + 0{a^+'-'))) = A2(l + 0{a^+'- 



as a — )■ 0, by (10.56), which implies that A2 = 0. We have therefore found a solution 
of 



(12.25) 



which is a smooth i? -flat metric from Proposition 3.5 



In the cases of multiple gluing points, imposing the bilateral, trilateral, or quadri- 
lateral symmetries in the respective cases, reduces the argument to that of a single 
gluing point, so the argument is the same as above. □ 



Proof of Theorem L4_. In the Bach-flat case, we may restrict all above arguments to 
pointwise traceless tensors. The pure-trace kernel and cokernel elements are then 
not required in the Lyapunov-Schmidt reduction in Section 11 We then add a 1- 
dimensional kernel parameter to the map H. That is, we let 



(12.26) 



where ki is of compact support chosen to pair non-trivially with oi, and define the 



X 



xV^ C^_, by 



mapping H : 

(12.27) H{s, Ai, 6) = P^,x) {d + s7]o\) - X,k,. 

For gluing parameter a sufficiently small, the Kuranishi map is then the map 

(12.28) ^:sf-^Ai(s) 

Using the gauging argument from jG Vlll Section 2.3], the fixed point argument in 
Section 11 is easily extended to show that any equivariant Bach-fiat metric in a 
sufficiently small C^'"-neighborhood of the approximate metric will correspond to a 
zero of \i/ for some s. If W{yo) ® W{zo) 7^ 0, then the leading term of \E' is non-zero, 
so obviously there can be no equivariant Bach-fiat metric in a sufficiently small C^'" 
neighborhood of the approximate metric. □ 
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12.1. Computation of values in Table Assume W^,W^ are trace-free en- 
domorphisms of Af(V*), where is a real, oriented, four-dimensional inner product 
space, and write 

W = W+ + W- : A\V*) A^{V*), 
W = W+ + W- : A\V*) A\V*). 

Assume further that W and W can be simultaneously diagonalized: that is, there is 
an orthogonal basis of eigenvectors (two-forms) for W and W denoted 

(12.29) u,7],e,u',r]-,e~, 

where the first three are a basis of A^(V*) and the last three a basis of A2 (V*). 
Denote the eigenvalues of W and W as 

spec(l^) = {A,/i, u, \^ , fi^ jU^}, 

(12.30) ~ . _ 

spec(iy) = {A, /X, z/, A ,/i , i/ }. 

We will further assume that and are trace-free; i.e., 

A + u + z/ = 0, A" + + z/" = 0, 

(12.31) . . 

A + /i + z/ = 0, A" + /i" + z/" = 0. 

Using this basis in ( 12.29[ ) we can write 

(12.32) _ 1 ^ A- / / /' 

+ X'LO' ® w" + fx'T]' ® r]" + i)'9' (g) 6'"}. 

We normalize the eigenforms to have length a/2; this convention gives the identities 

(12.33) uj^ = r]^ = ... = {e-y = Id. 

We also point out two more important algebraic facts: first, the product of any SD 
basis element with any ASD basis element gives a symmetric trace-free two-tensor, 
whose square is the identity. Thus, for example, 

(12.34) h = coco' =^ tr h = 0, = Id, \h\'^ = 4. 

Also, the bases of Af give a quaternionic structure satisfying the following multipli- 
cation rules: 

(12.35) LOT] = 9, ri9 = co, 9co = r]. 
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Lemma 12.2. Fix an orthonormal basis {fi, . . . , ^4} ofV, and let Wikje (resp., Wajk) 
denote the components ofW (resp., W) with respect to this basis. Then 

WikjeWiijk = 2|AA + /i/i + z/i> + A^A^ + /i^/t^ + z/^i>^} 

1. 



(12.36) 



2{W,W) 



-WikjiWikji- 



In particular, the answer is independent of the choice of basis. 



(12.37) 



Proof. By ( |12.32[ ), 

^WikjuWiijk = {XuJik(^je + jJ^rjikTije + uOikOje 

X [XuiiUjk + firiiirijk + I'OaOjk 

+ ~^~^u^Jk + + ^~^it^]k]- 

As we multiply and distribute we see that there are six kinds of terms, which we 
represent schematically as 

{A^kA,,) ■ {A^A.k), {AT^Ar, ■ (Ar^Aj,) 

(12.38) (AkA^e) ■ {BuB.k), {Ar.Aj,) ■ {Br^Bj^) 

(AikAji) ■ (C^^CJ^), (AT-^AJ^) ■ (CiiCjk), 

where A,B,C are self-dual and A^,B^, and are anti-self-dual. Using the multi- 
plication rules in (12.33) and (12.34), we find 

{AkA.e) ■ {AaA.k) = 4, (A" A" ■ (A-Aj,) = 4, 

(12.39) (AkA.e) ■ {B,,Bjk) = -4, (At^AJ,) ■ {B-^Bj^) = -4, 
{A,kA,) ■ {Cr^Cj,) = -4, {Ar^AT^) ■ {C,,C,k) = -4. 



Therefore, after multiplying out and collecting all the terms in (12.37), we find 

^WikjeWiijk = 4A(A - /i - z>) + 4A(-A- - A" - i>~) 
+ 4/i(-A + 4/i(-A" - K - 

+ 4z/(-A -jx + v)+ 4z/(-A" - A" - t'") 
+ 4A"(-A -ji-v)+ AX'iX - K - 
+ 4/i"(-A -ji-u)+ + - i^') 

+ Aij'{-\ - /i - z>) + 4z/"(-A" - /t" + y'). 



(12.40) 



By ( |12.31[ ), this gives 

AWikjiWujk 

12.41 



8{AA + /i/i -|- z/i^ + A A + jj, jj, +v V ^ 



and (12.36) follows. 



□ 
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To compute the values of Iq, we note that in the coordinate system {z^} given in 
Section |2| letting 



± 



A ± A e^ 



ry± = A =F A e^ 
^± = A ± A e^, 
with (e^, e^, e^, e^) = {dz^ , dz"^ , dz"^ , dz"^) , we have 

W^igps) = diag(i?/6, -i?/12, -i?/12) = diag(4, -2, -2), 
l^-fe) = diag(0,0,0), 

= diag(i?/6, -i?/12, -i?/12) = diag(2/3, -1/3, -1/3), 
= diag(2/3, -1/3, -1/3). 
In case (i), since mass(^ir5) = 2, 

(12.42) to= ~^ 4(16 + 4 + 4) = --. 
^ ' °6-24-2^ ^ 3 

In case (ii) with a Burns metric attached, we have 

(12.43) to = ^^4(4 • (2/3) + 2 ■ (1/3) + 2 ■ (1/3)) = 

Case (v) has the same value as this. 

In case (ii) with a Green's function S"^ x S"^ attached, 



(12.44) 

In case (iii), 
(12.45) 



to = ^4((2/3) ■ 4 + (1/3) ■ 2 + (1/3) ■ 2) 

6 ■ 24 ■ mass(^52x50 w ; ; 

1 



9 • mass (^52x52)' 



to = \. .((2/3)2 + (1/3)2 + (1/3)2 + (2/3)2 + (1/3)2 + (1/3)2) 

6 ■ 4 ■ mass(5(s2xs2) 

2 



9 ■ mass(^52x52)' 
Case (iv) has the same value of to as does case (iii). 

All other cases are computed similarly as the above cases, so it is not necessary to 
write every case here. We only need mention the fact that in all non-orient able cases, 
the answer does not depend on choice of local orientation. 

Appendix A. Proof of Proposition 18.51 
To prove the proposition, we use the expansion of the metric in AF coordinates. 



1 x^x^ 2A 

(A.l) gf,u = - -R^kue{yo)-r-u + 02 V + '^d^l'^)- 
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In terms of the Christoffel symbols, the Ricci tensor is given by 

R,, = 5^r^ - diTf^ + r * r 

(A.2) 1 



_ gmp^Q^Q^g.. _ d^diQjp - dmdjgip + did^gmp] +dg* dg. 



By the expansion (A.l) 



(A.3) r^ = 5™p + 0(|a;|-2), 

hence 
(A.4) 

^ij = -2{^''''P^ 0{\x\'^)}{d„idpgij - dmdigjp - dmdjgip + didjgmp} + dg * dg 
= -^{dmdmgij - dmdigjm " dmdjgim + didjgmm] + {d'^g) * (kr^) + dg* dg. 

In AF coordinates, dg = 0{\x\~^),d'^g = 0(|x|~^); hence 

(A. 5) Rij = -^{dmdmgij - dmdigjm - dmdjgim + didjgmm] + 0(|x|"^). 



By (A.l), 



dpgi^u = —-R^ipuk{yo)-r-rj — -Rfikuisivo) 



\xr o \x 



4 



(A.6) ^ , „ 

4„ , .x^x^x^ AA . ,4, 

+ i,Ri^kvi{yo)^T-Q V + 



dadpgfiu — —^R^ipua{yo)Y^ — -^^R^iau/siyo)] 



3 ^^^...v...|^|4 3 ^^...MV.u,|^|4 

4 4 x^ oc^ 



4 oc^ 4 x^x^ 

( A . 7) + - (?/o ) -r-|^ + o ^A<fei.a (z/o ) -r-|^ 

4 , . 3^ „ , , ^2/ 3^ Xj Xj 

+ -:^Rfikui{yo) -r-^Oap — SR^kuiiyo) 



. . 16A 



x\ 



-5} 
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Consequently, the first term in (A. 5) is 



1 11 1 



\xr o \x\ 



+ -^RimjkiUo) I |g + -^RikjiniVo)- 



\X\ 



4 x^ x'^^ 4 x^ x'^^ 

3 3 

^ ^ iX^ iX^'^ 00^^"^ 
+ -^RikjeiVo) I iQ (^mm — SRikjeiVo) p 

4y4 16^4 

The first two terms combine to give a Ricci curvature term, while the third through 
the eighth terms are all the same (though with different coefficients); adding up we 
get 

2 18 x'^x^ 

(A.9) d^d^mQij = -i:Rij{yo)YTi + nRikAyo)^^ + 0(1x1"^). 



\xr o \x\ 



The second term is 



dmdiQjm r)Rjimm(^yo) 1 m r)Rjmmi(^yo) 1 m 

O u2/ O *^ 

4™/C™77l rpk jytTTL 

+ i^Rjimkiyo) I |g + izRjkmiyyo) , .g 
4 x^ x^ 4 x^ x^ 

(A. 10) + -i?jmmfc(l/o)-r-r^ + o^jA:mm(l/o)-r-f^ 

4 , , 3j , , 3/ iX tX 

+ l^Rjkmiiyo) I |g Omi " oRjkme[yo) 1 — r§ 

4^ x 16^1 ^ ■ /o/'i 1— 5\ 

1^ |4 "mi^jrn ~r ~|^^7|6~'^ •7''" ~r ^U"^! J? 

notice that the fourth and seventh terms cancel each other, while the first, sixth, and 
eight terms vanish because of the skew-symmetry of the curvature tensor. Also, the 
second and fifth terms are traces. Therefore, 

1 14 x^x'' AA IQA 

(A.ll) d^diQj^ = -Rijiyo)T-u ~ o^Jk{yo)-r-r^ - T-T^^ij + ^2;V + 0{\x\~^), 

o tij tX Xj 

while the third term is 

1 14 x-^x^ AA \QA 

(A.12) d^djgi^ = -Rij{yo)^ - i^Rikiyo)^^^ - -r^Sij + y^x'x^ + 0{\x\-^). 
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The last term in (A. 5) is 



6 \X\^ 
+ -^RmjmkiUo) |_^|g + -^Rmkmjiyo) |_^|g 



(A. 13) + -Rmimkiyo) I ifi + -RmkmiiUo) 



6 ' ' \X\ 



. , J. t/y , , Jj iX/ iXj lAj 

+ i:Rmkmt\yo) I iQ Otj " oRmkmeiVo) j— r§ 

4^ . . IQA , ,_5 



In this case all the curvature terms involve traces, so we get 

2 18 x^ x^ 8 x^ x^ 

didjgmm = --Rijivo)-^ + -i?jfe(?/o)-r-|^ + iiRikiyo)^^ 

4fj-ifc,-yj-^ yy^hi fy,^ fyil yyij 
, i tAJ „ , , , tAJ iX- iX- Jj 



Combining (|A.9|)-( |A.14[ ), 
(A.15) 

i^RikAyo)^^ - 2Rij{yQ)— + 4/2jfc(2/o)^^ + ARikiyo)—^ 

O 

We now use the fact that {Y^gy) is Einstein, and that {?/*} are normal coordinates 
centered at Uq: 

Rijiyo) = ^R{yo)Sij, 

Rijki{yo) = WijMivo) + ^R{yo){SikSje - Sa6jk). 
Substituting these gives 



(A.16) ^''^kJ,yy^J j^je ' 

8A . 32A 



x^ x^ 1 X 2 x'^ x^ 

w,kjt{yo)j-T^ + ^R{yo)T-Ti^ij - a^iyo) 



Sij + ^rXV +0(|X 



'T' r* M \ T'\ 

5\ 



xr \x 
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and drai ) follows. 

Appendix B. Non-simply-connected examples 
Table B.l. Non-simply-connected examples with more than one bubble 



Topology of connected sum 


Value of to 


Symmetry 


S'' X 5"#2(5" X 

X 52#2(MP=^ X MP2) 


-2(9m2)-^ 


bilateral 




bilateral 


cp2#3(52 X syz2) 

Cp2#3(Mp2 X MP2) 


-(9m2)-i 


trilateral 


-(9m3)-i 


trilateral 


52 X 52#4(52 X 

52 X 52#4(MP=^ X MP2) 


-2(9m2)-^ 


quadrilateral 


-2(9m3)-^ 


quadrilateral 


(^2 X 5VZ2)#2CP^ 

X 5VZ2)#2(52 X S^) 
3#(52 X 57^2) 
(52 X ^VZ2)#2(MP2 X MP2) 


-1/3 


bilateral 


-2(9mi)-i 


bilateral 


-2(9m2)-^ 


bilateral 


-2(9m3)-i 


bilateral 



All non-simply-connected possiblities with more than one bubble are listed in Ta- 



ble B.l The approximate metric in each case is obtained by using the first factor 
as the compact manifold, with the AF space clear from the latter factors. The first 
two cases are analogous to Cases (iv) and (v). The third and fourth are analogous 
to Cases (vi) and (vii). The fifth and six are analogous to Cases (vii) and (ix). The 
last four cases require a short explanation. In the case of S"^ x S'^/Z2, there are two 
fixed points: the equivalence classes of (n, n) and {n,s). The diagonal symmetry 
descends to the quotient, and fixes both of these points. The symmetry of reflection 
in a horizontal line descends to the quotient, and this interchanges the fixed points, 
and we again call this invariance bilateral symmetry. We may therefore glue on the 
same AF space at each fixed point, and require bilateral symmetry, which yields the 
last four cases in Table IB.li 
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